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1. Introduction

1.1 Historical background

Historically, the ocean has been rather poorly sampled, mainly due to the difficulties of organizing
and   successfully   carrying   out   oceanographic   campaigns.   The   latter   also   poses   methodological
challenges  linked to the complexity of marine flows as well  as technological  (and thus financial)
limitations to operate in an environment that is essentially hostile to man. 
Systematic   observations   began   in   the   1880s   with   Nansen's   pioneering   campaigns,   however,
throughout the first half of the 20th century, observational and theoretical efforts were mainly focused
on depicting largescale circulation. %, considered stable.
The classic models of Sverdrup, Stommel, or Munk proposed a largescale stationary circulation. This
view has strongly   influenced how physical  oceanographers  viewed the oceans  for many decades,
namely as being traversed by stable currents.
This overly simplified vision can be attributed to a lack of detailed   in situ  information, on the one
hand,   and   to   the  difficulty,   or   even   the   impossibility,   of   analytically   solving   the   NavierStokes
equations without very strong simplifying assumptions, on the other hand.
It   was   only   in   the   1960s   that   technological   advances   made   it   possible   to   carry   out   the   first
measurements at a higher temporal (order 10 days) and spatial (order 10 km) resolutions.
The pioneering study by \cite{swallow59} off Portugal, on the eastern part of the subtropical North
Atlantic gyre, demonstrated how currents could vary over periods of a few weeks and over distances
of a few tens of nautical miles. In addition, they did not detect any uniform decrease in the intensity
of   the   current  which   debunked   the   assumption  of   a   fluid   at   rest   (hydrostatic   approximation),   a
common approach when assuming geostrophy.
Then, the advent of drifting buoys and satellite  imagery of the sea surface temperature showed a
spatiotemporal   variability   that   transformed   the   oceanographic   vision   of   the   Gulf   Stream   (e.g.,
richardson80) from of a quiet flow to a swirling river.
The term “ring” became common in the 1970s to designate cyclonic or anticyclonic eddies that break
away from a main current, trapping a body of water at their centre and transporting it over hundreds
or even thousands of kilometres for periods ranging from months to years \citep{olson91}.
The discovery of this high degree of variability in the ocean confronted oceanographers with “the
immensity of their task” \cite{semtner95}. This led to the use supercomputers in order to numerically
solve   the   equations   that   govern   ocean   dynamics.  Numerical  models   have   proven   invaluable   for
helping to improve our understanding of the basic processes and their interdependence and assist with
the interpretation of observations.
While the first circulation models developed in the 1960s had a rather low resolution, by the mid
1970s the rapid increase in computing power and the development of new numerical methods made it
possible   to   construct   models   with   resolutions   of   the   same   order   as   the   first   Rossby   radius   of
deformation that were thus capable of resolving processes such as meanders in large ocean currents
and their possible evolution into closed recirculations giving rise to the largest oceanic eddies.

Only   by   integrating   the   three   approaches   of  in   situ  observations,   satellite   remote   sensing,   and
numerical modelling were we able to obtain the information necessary to create animations such as
the  Perpetual   Ocean  (https://www.nasa.gov/topics/earth/features/perpetualocean.html),   a   visually
effective   tool   to  highlight   the  highly  dynamic  and turbulent  nature  of  oceanic  circulation.  While
admiring   these  animations,  one  cannot  help  but   feel   fascinated  by   the  hundreds  of  vortices  and
meanders   that  fill   the  world’s  seas and oceans  to highlight   the high level  of  socalled mesoscale
variability.
When the circulation associated with these vortices is particularly intense, we begin to move away
from geostrophic equilibrium as we also have to start taking into account the centrifugal force created
by  the  rotation  of   the  vortex;   then  we we enter  what   is  usually   referred   to  as  cyclogeostrophic
equilibrium (Carton, 2001).
In the 1980s, measurements using Lagrangian buoys revealed how a large part of the oceans’ kinetic
energy is associated with mesoscale eddies \citep{richardson83}.
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The amount of this mesoscale eddyrelated kinetic energy is generally about one order of magnitude
greater   than   the   energy   contained   in   the   mean   flow   (Wyrtki   et   al.,   1976;   Richardson,   1983).   \
AD{Ferrari}
Maps of  the  Eddy Kinetic  Energy  (EKE) obtained from satellite  altimetry  measurements  make it
possible to identify areas where currents are subject to great instabilities and generate “rings”' \citep
[for an example see \ fig {EKEpascual} taken from ] [ ] {pascual06}.

Maps of the Eddy Kinetic Energy [cm2s2] in the global ocean from satellite measurements.
After \citep{pascual06}

The sheer number of mesoscale eddies in the ocean make it highly likely that they will interact with
one another. These interactions induce stretching of water masses which will generate new structures
at scales smaller than the first internal Rossby radius of deformation (R \ giu { d}). These smaller
structures (known as submesoscale) are typically nongeostrophic and their dynamics become three
dimensional. Their relatively small size makes them difficult to detect which is why it took some time
to appreciate just how many such structures there are \citep{mcwilliams16}: they were too small and
rapidly   evolving   for   conventional   shipbased   measurements   and   also   for   early   remote   sensing
satellites, as it was often difficult to distinguish them from inertial waves in fixedpoint time series
data or in vertical profiles. In addition, their nonlinear nature complicated any theoretical predictions.
It was only from the early 2000s that numerical circulation models reached a sufficient resolution to
be able to represent them. Such modelling studies, in combination with the availability of very high
resolution satellite imagery, formed the starting point for a more detailed study of these structures
which has resulted in a rapidly growing interest over the past fifteen years.

Indeed, they could represent the 'missing link' in the energy cascade from the meso to the dissipation
scale \citep{ferrari09} and play a key role in the vertical transfer of heat and salt and in the injection
of nutrients into the photic zone \citep{ mahadevan16}.

As we move to even smaller scales we arrive at the socalled microscale where turbulence dominates
the dynamics. The study of marine turbulence has, unlike the submesoscale, a very long tradition.
One typically assumes that at the microscale turbulence is homogeneous and stationary, which allows
us to consider the flow at this scale as a superposition of a mean flow and a random component
\citep{reynolds1895}. It  is also at this microscale where we arrive at the final  step of the energy
cascade:  eddies  become so small   that   they are  dissipated  by the  fluid viscosity  and  their  kinetic
energy is transformed into heat.
By   generating   important   velocity   gradients   over   small   spatial   scales,   the   physical   process   of
turbulence mixing becomes dominant for both the transfer of mass and heat and for the dispersion of
solutes and small organic and inorganic particles. 
Despite the long history of the study of marine turbulence,  several  questions remain unanswered,
particularly concerning issues of how turbulence can be represented in general circulation models and
its role in the dispersion of biogeochemical tracers.
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Time and space scales for some of the main physical and biological processes in the ocean.
After \citep{dickey03}.

Since   the   works   by   \cite{riley42}   and   \cite{sverdrup53}   on   the   role   of   vertical   mixing   on   the
dynamics   of   the   phytoplankton   spring   bloom,   or   those   by   \cite{haury78}   on   the   role   of   ocean
dynamics on the spatial distribution of plankton (at the origin of the notion of “plankton patchiness”),
it is generally accepted that the physics of the ocean affects the dynamics of planktonic communities
\footnote{The term plankton has been used for a little over a century to define organisms living in
water, more or less passively in suspension and transported by currents
\citep[for a review of Lagrangian studies of plankton dynamics, see][]{hitchcock07}.}.
The   link   with   geochemistry   has   been   recognised   as   early   as   the   1960s   with   the   works   by
\cite{dugdale67} on the limitation of primary production by nutrients. 
The emergence of the issue of global warming linked to the carbon cycle has led to the notion of the 
“biological pump” \citep{volk85,raven99} which further contributed to this interdisciplinary vision of
the ocean and the recognition that an increase of our current understanding of ocean dynamics can
only be achieved through a joint crossdisciplinary effort at the scales most relevant to the physical
and biogeochemical processes. 

The mesoscale plays a key role in ocean dynamics, for heat and mass transport, and for controlling
biological activity \citep[e.g., \fig{mcgillicuddy}; for a recent review see][]{mcgillicuddy16}.
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Changes in the vertical  position of the isopycnal associated with the nutricline as a result of the
presence of two eddies of opposite sign.
After \citep{mcgillicuddy98}.

While   numerical   studies   have   shown   the   very   importance   of   these   processes,   observational
confirmations of these effects are difficult to obtain, mainly due to compatibility issues between the
observational   strategy   required   to   obtain   physical   data   and   the   strategy   used   to   study   the
biogeochemistry. The task becomes particularly complicated in coastal waters due to the complexity
of   the  nearshore  circulation,   the  high  variability   in   the  distribution  of   species   and geochemical
quantities, and the difficulty of estimating the transfers of matter and energy between the coast and
the open ocean and between the surface and the sea bed.  
At   smaller   scales,   vertical   mixing   and      especially   in   zones   of   deep   water   formation      winter
convection play an equally important role as they can both bring up nutrients into the photic zone
while transporting biomass and detritus to greater depths. 
A good understanding of the physical processes that lead to the establishment/breakdown of vertical
stratification of the water column is pivotal to be able to investigate primary production in the context
of seasonal cycles. Furthermore, turbulence can affect the competition between phytoplankton species
or   groups   (e.g.,   flagellates  vs  diatoms)   \citep{huisman04}  and   thus   play   a   role   in   the   seasonal
succession of different species/groups. Vertical mixing due to turbulence also affects the dispersion of
zooplankton and can therefore affect ecosystem structure and functioning. 
At  a  global  scale,   climate  change   is   expected   to   increase  vertical   stratification  and  the   fact   that
turbulence is now better accounted for in coupled model should have some significant impact on the
simulated global biogeochemical budgets \citep{klein09}.
This stratification is also strongly dependent on the physical mesoscale activity (which is only poorly
represented in global circulation models) and possible feedbacks between the mesoscale activity and
turbulence.
For instance, eddies may be represented in different ways in biogeochemical models: in the closed
model the eddy acts as a selfcontained unit, while in the open model the eddy affects its environment
and triggers biogeochemical reactions along its path \cite[e.g.][]{nencioli08}. %[Olaizola et al., 1993,
Nencioli   et   al.,   2008].   The   choice   of   which   model   to   use   typically   depends   on   the   local
hydrodynamics, particularly with regard to turbulence.
Attempts   to  try  and answer   these kinds of questions  have led  to significant  advances   in coupled
physicalbiogeochemical modelling over the past 30 years. Based on the fundamental conservation
equations of matter and energy, while taking advantage of increasingly efficient numerical methods
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and tools, coupled models can simulate the response of the planktonic ecosystem in terms of primary
production  and biomass,  as  well  as  geochemical   flows  associated  with   the  variability  of  oceanic
conditions across a range of temporal scales ranging from short (diurnal tidal cycles and radiative
transfer,   precipitation),   over   intermediate   (passing   atmospheric   disturbances),   to   seasonal   scales
(seasonal variations in freshwater flows, winter convection, summer stratification). 
Integrating   this  variability  on  annual,  decadal,  or   even  centennial   time  scales  yields  quantitative
estimates   of   biogeochemical   quantities   and   functional   ecological   groups   and   their   behaviour   in
response to variability in the oceans’ “climate”.
Recent   technological   advances   in   instrumentation   allow   for   (continuous)  in   situ  biogeochemical
measurements (e.g., ISUS  a high frequency nitrate sampler, or automated flow cytometry) which
open up possibilities for exploring the effect of physical processes on the biogeochemistry across a
continuum of spatial and temporal scales. 
These measurements are essential to calibrate and validate both model results  and remote sensing
observations using satellites at the same time scales.
 
Example : Great frigatebirds and eddies in the Mozambique Channel

Top marine predators, such as frigatebirds, have
been  observed  to  follow  coherent  structures  in
shallow oceans to find food.

http://www.legos.obs-
mip.fr/fr/evenements/actualite/actu16.fr.pdf 

Example : the Hawai’i eddy (Nencioli et al. 2008)
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NB : mode water—A term for water of exceptionally uniform properties over a large depth range, caused in most instances
by convection. Mode waters represent regions of water mass formation; they are not necessarily water masses in their own
right but contribute significant volumes of water to other water masses. Because they represent regions of deep sinking of
surface water, mode water formation regions are atmospheric heat sources. 

Example : the effects of eddies for the redistribution of solutes downstream from capes and headlands

Doglioli et al. 2004

Rossby radii

The external or barotropic Rossby radius of deformation is given by the ratio between the propagation
velocity of gravity waves in shallow water and the Coriolis parameter:

R =  gh
f

where h  is the depth. It represents the spatial scale at which a barotropic gravity wave will start to be
affected by the earth’s rotation which causes a “deformation” of the flow.

 ' R =  g ' D
f

with  g ' =
ρ2−ρ1

ρ2
g being the reduced gravity

is  the first   internal  or  baroclinic  Rossby radius  of  deformation;   it  describes   the propagation  of a
gravity wave in the top layer of a stratified ocean, with  21 .

The external Rossby radius of deformation is of the order of 2000 km at mid latitudes and over depths
of 4000m (for long waves with phase velocities,  c, of ~200 m/s) and reduces to just 300km in shelf
seas with depths of about 100m (c ~ 30 m/s). As for the internal Rossby radius, it ranges from about
1030 km in the open ocean to a few kilometres (57 km) in shelf seas. 

This internal Rossby radius is the natural spatial scale to which physical processes such as fronts and
slope currents adjust. We can therefore define mesoscale processes as those that develop at spatial
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scales that are of the same order of magnitude as  'R .

Map   showing   the   1st

internal   Rossby   radius   in
the global ocean.
After Chelton et al. (1998).

1.3 Advection and dispersion

The term dispersion refers to the process of how a substance released into a fluid becomes distributed
over time. While advection refers to the deterministic transport by ocean currents (i.e., the mean flow
in the Reynolds sense), dispersion depends on random (diffusion) and shear processes.

Fick   (1855)   and   Taylor   (1921)
parametrized the mass flux of solutes
due   to   molecular   diffusion   and
turbulence by assuming that the fluxes
were proportional to the concentration
gradients,   with   the   constants   of
proportionality   having   been   labelled
the   molecular   and   turbulence
diffusivity, respectively. 

Then, Taylor extended this approach to the flux due to the combined effects of diffusion and shear by
introducing the socalled dispersion coefficients.

Eulerian and Lagrangian approaches

Joseph Louis, Count of Lagrange  (in Italian: Giuseppe Lodovico Lagrangia),  born in Turin on 25 January
1736 and died in Paris on 10 April 1813, was a mathematician, mechanic, and astronomer. He was of French
descent from his father’s side and spent the first 30 years of his life in Piémont, the subsequent 21 in Berlin, and
returned to Paris for his remaining years. 

14
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With only  19 years  of  age  he was already  appointed  professor  at   the
Turin School of Artillery in 1755 where he founded the Turin Academy
of Sciences in 1758 through which he published his first works. He was
admitted to the Berlin Royal Academy of Sciences by Euler whom he
later   succeeded   as   president.   He   then   transferred   to   Paris   where   he
published   his   Mécanique   analytique   (1787),   just   before   the   French
Revolution.   Only   his   genius   allowed   him   to   evade   the   measures   of
repression   taken  against   foreigners  at   the  time.  Special  decrees  of   the
Comittee   of   public   health   allowed   him   to   continue   exercising   his
functions.  Having been  admitted as a foreign  associate member  to the
French Academy of Sciences in 1772, he became the academy’s director
in 1788 and a member of the mathematics chapter in 1795.
He was appointed senator in the conservative senate in 1799. Together
with Monge and Laplace, he was one of the scholars appointed to sit in
this assembly.

https://en.wikipedia.org/wiki/JosephLouis_Lagrange 

Best known for introducing analytical methods to geometry, he also studied other branches of mathematics and
published important works in geometry, trigonometry, and mechanics. He is buried in the Pantheon in Paris.

Leonhard Paul Euler was born on 15 April 1707 in Basel and died on 18 September 1783 in Saint Petersburg.
He was a Swiss mathematician and physicist who spent most of his life in Russia and Germany.
Euler made some important discoveries in fields as varied as infinitesimal
calculus and graph theory. He also introduced much of the terminology and
notation of modern mathematics, particularly in analysis where he introduced
the   concept   of   a   mathematical   function.   He   is   also   known   for   his
contributions to mechanics, fluid mechanics, optics, and astronomy.

Euler is considered an eminent mathematician of the 18th century and one of
the greatest and most prolific of all times. A quote attributed to PierreSimon
Laplace  about   the influence  of  Euler  on  mathematics  states:  “Read Euler,
read Euler, he is the master of us all”. https://en.wikipedia.org/wiki/Leonhard_Euler

Definition of the material or Lagrangian derivative:

D C
D t

=
∂C
∂ t

 u⋅∇C =
∂C
∂ t

 u
∂C
∂ x

 v
∂C
∂ y

 w
∂C
∂ z

Schematic comparing the Lagrangian and Eulerian approaches for measuring the concentration of a
nonconserved tracer.
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Examples for Eulerian and Lagrangian types of measurements

A) The autonomous  MOLA platform  consists
of  a  buoytype   structure  (MOBILIS  model   jet)
with an approximate diameter of 3m and a height
of about 5.5m. It contains a pyramidal setup on
top   which   performs   all   atmospheric
measurements     (meteorological   and   GPS),
contains a beacon, hosts the power supply (solar
panels   and  batteries),   as  well   as   the   electronic
brain   and   all   communication   systems.   A   CTD
SBE16+ sits below the floats on the central mast
and collects salinity (conductivity), surface water
temperature, fluorescence, and turbidity, together
with oxygen and GTD sensors.

 http://observation.obsbanyuls.fr/spip.php?article106 

To simplify measurements and sensor maintenance operations,  a second mooring line is deployed
closeby   which   includes   the   following   sensors:   CTD,   turbidity,   fluorescence,   O2d,   and   ADCP
(Acoustic Doppler Current Profiler). This second line is equipped with an acoustic release system to
facilitate recovery and maintenance and an acoustic modem to communicate with the main mooring.
The scientific purpose of this second mooring is to obtain vertical profiles of the water column. In the
future, this setup will  be complemented by a deep environmental  observatory that will  utilize the
MOLA platform as a field station by adding some of biological sensors.

B) Surface drifters consist of a surface buoy attached to a floating anchor or drogue via cable
(rope). This floating anchor drags the buoy along and allows it to follow the water mass on
which it swims. Another name for this type of system is surdrift.
They buoy is usually small to minimize drag and wind resistance and is tracked by Argos
satellites or through GPS. In the case of GPS, positions are stored internally for several days
before being transmitted in bulk to Argos, Imersat, or other systems. This method has the
advantage of minimizing the cost of satellite communication while being able to obtain more
frequent and precise location measurements.
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The line connecting the buoy to the drogue is usually quite thin,
only a few millimetres in diameter to minimize parasitic drag. As
it also needs to be fairly resistant it is typically made from Aramid
fibres (highly resistant). The drogue is kept at a constant depth
that typically ranges from tens of metres to a kilometre.
The drogue is designed for maximum drag so it can follow the
water mass to be studied. Its drag must be at least 30 times larger
than the drag of other elements of  the assemblage.  The drogue
comes in a variety of shapes and forms but is often cylindrical
(Holey sock) or diamondshaped (Tristar). The latter type consist
of 3 flaps made of fabric that are assembled at 90° angles to one
another and are joined at their diagonals. The shape of the flaps is
maintained through a system of rods.
A   weight   is   attached   at   the   base   of   the   drogue   to   keep   the
assembly vertical. 

Text and figure from http://www.univ
brest.fr/lpo/instrumentation/16.htm
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Surface current  velocities  as measured by hull  mounted
ADCP aboard Tethys II and the trajectories of two surface
drifters.

Measurements   carried   out   during   the   LATEX 2008
campaign:

The   vectors   are   drawn   every   4   minutes   along   three
transects: Transect 1 (Sept. 1), Transects 2a and 2b (Sept.
3), and Transect 3 (Sept. 5); 

The dots along the surface drifter trajectories mark their
position every hour (Sept. 5 – 11).

From Hu et al., 2009

Diffusion and Brownian motion

Diffusion   refers   to   the   process   that   distributes   a   substance   in   a   liquid   and   thereby   reduces
concentration   gradients.   The   same   process   not   only   acts   on   particulates   but   also   on   the   fluid
properties themselves such as density or salinity, if their distribution is nonuniform. While there are
slight   differences   in   how   diffusion   redistributes   matter,   kinetic   energy,   and   momentum,   these
different mechanisms are tightly linked and interconnected. Diffusion is closely linked to Brownian
motion, named after Robert Brown, who described this phenomenon for the first time at the beginning
of the 19th century.   

Robert Brown, born December 21 1773 in Montrose (Angus), died June 10
1858 in London, was a Scottish botanist. His most famous scientific legacy is
not   related   to   Botany   but   to   physics:   the   random   motion   of   particles
suspended   in   a   medium   –   named   after   him   as   Brownian   motion.   His
discovery was partly owed due to the fact that he was one of the first to use a
microscope routinely in his trade. Thus, in 1827, while observing pollen of
Clarkia pulchella under his microscope, he noticed the presence of very small
particles that were moving in all directions. He repeated this observation with
other plants and initially believed that what he saw was the manifestation of a
"vital   fluid".   Only   when   he   made   the   same   observations   with   inorganic
particles did he change is mind. 

http://books.google.com/books?id=_KwUAAAAYAAJ

He published his results in 1828 in an account where
he acknowledged that other scholars had preceded him
in observing these erratic movements, the explication
for which was not available until almost a century later
when   another   famous   scholar,   Albert   Einstein,
published a paper on the movement of small particles
suspended   in   stationary   liquids   and   explained   their
motion from the molecularkinetic theory of heat.
After having worked on pollen and (falsely) attributing
the erratic  motions he saw to a biological  cause,  he
then   started   to   work   on   a   drop   of   water   that   was
trapped inside a quartz crystal and could therefore not
have been contaminated with pollen or  other spores.
Again,   he   observed   the   same   erratic   movements   of
small particles suspended in the water drop which led
him to conclude that these movements could not have
a biological  origin but that they must be linked to a
(still unknown) physical phenomenon.
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About 80 years later, Albert Einstein suggested that the movement of pollen as observed by Brown
and others could be expressed as a Random Walk: subject to constant collisions with water molecules,
a suspended particle exhibits small displacements of random length and direction. By measuring how
particles moved in response to Brownian motion, Einstein showed that it was possible to determine
several important physical constants such as the atomic mass or Avogadro constant. This piqued the
interest of many mathematicians who then began to study this phenomenon.
Today, Brownian motion can be found everywhere: it forms the basis of our understanding for all
diffusive   phenomena   in   physical,   chemical,   and   biological   systems   and   can   even   be   found   in
economic theory. In 1900, Louis Bachelier developed a theory to describe the fluctuations observed at
stock markets by employing a Random Walk approach. This approach was rediscovered for the field
of economics in the 1970s and further refined, playing an important role in financial mathematics
today. 

The  Random  Walk  model   (representing  Brownian  motion)  can  explain   the  process  of  diffusion.
Diffusion can be divided into 2 types: 1) selfdiffusion: governed exclusively by Brownian motion; 2)
forced diffusion: due to a force (electrostatic, chemical, physical) or a gradient in temperature and/or
concentration. 
A  simple   Lagrangian   particle   tracking   model   can   be   used   to   simulate   the   spatial   and   temporal
evolution  of   a   drop  of   ink   released   into   a   glass   of   water.   It   also   allows   us   to   reflect   on   how
microscopic disorder can generate macroscopic order.

Yellow     food colo   u  ring      diffusing  through water. The glass
on the left contains hot water, while the glass on the right
contains cold water. The food colouring was added to the
cold water slightly before the colouring was added to the
hot   water,   yet   after   a   few   seconds   it   has   diffused   more
thoroughly through the hot water. The frames are roughly 1
second apart (so the animation is roughly 2x realtime).

en:User:CTho made this. It is available (along with the 
source images) at http://ctho.ath.cx/pics/new/20060924/  
It has been released into the public domain. [1]

http://commons.wikimedia.org/wiki/Image:Diffusion.gif

19

XpertScientific Scienticic Editing & Consulting, 27/11/20
Note that the length is not entirely random but depends on the thermodynamic energy (temperature) of the fluid among other things. 

http://commons.wikimedia.org/wiki/Image:Diffusion.gif
http://en.wikipedia.org/wiki/Image:Diffusion.gif
http://ctho.ath.cx/pics/new/2006-09-24/
http://en.wikipedia.org/wiki/User:CTho
http://commons.wikimedia.org/wiki/Diffusion
http://commons.wikimedia.org/w/index.php?title=Food_coloring&action=edit&redlink=1
http://commons.wikimedia.org/w/index.php?title=Food_coloring&action=edit&redlink=1
http://commons.wikimedia.org/w/index.php?title=Food_coloring&action=edit&redlink=1
http://commons.wikimedia.org/wiki/Diffusion


OPB306 and OPB309 Master of Marine Sciences Specialisation OPB

Lagrangian particle tracking simulation of a drop of ink diffusing in a glass of water.

Examples of Eulerian and Lagrangian models
Results from an Eulerian (left) and Lagrangian model (Qiu et al. 2011).
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2. Fundamentals

2.1 The Continuity Equation

In classical fluid mechanics, the continuity equation is typically written in Eulerian form 
∂

∂t


∂

∂x i

u i  = 0

where  is density, t time, and ui the fluid velocity along the three coordinate axes xi (with i=1,2,3;
employing the so-called Einstein notation, see https://en.wikipedia.org/wiki/Einstein_notation). The
equation  expresses  the  idea  that  the  local  density  changes  only  if  there  is  a  convergence  or  a
divergence of the mass flux ( u i ).
Anther form of the equation is 

d
dt


∂ui

∂xi
=

1


d
dt


∂ui

∂xi
= 0

(1.1)
with

d
dt

=
∂

∂t
u i

∂

∂ x i

being the total time derivative of density, i.e., the rate of change of density along the particle track.

If we want to apply this equation to the coastal ocean, we realize that seawater is not such a simple
substance! First, we need to consider changes in density due to the diffusion of salt. In fresh water,
this can be neglected and the main causes of density variations are related to cooling and heating of
the fluid. Both these effects are accounted for in Equation (1.1) if we consider that ui  also includes the
expansions and thermal contractions. While these simplifying assumptions do not work in seawater,
we can assume that  as long as the heat  and salt  fluxes  vary in realistic  bounds,  temperature  and
salinity variations occur very slowly and we can assume quasi-stationarity.

Density and relative density

Density  is  a  fundamental  parameter  for  oceanographers.  Small  horizontal  variations  in  density
(created, for instance, through solar irradiance) can produce important oceanographic currents. 
Strictly speaking, relative density (or specific gravity) = (the mass of 1m 3 of seawater)/(the mass of
 1m3 of distilled water at 4°C) [without unit]. In oceanography, for practical reasons, the  density of
seawater is usually expressed as the actual density  [kg m-3] – 1000 and is denoted with the symbol
 .

The density of seawater depends on the salinity  S, the temperature  T, and on the pressure  p. These
three terms are related through the equation of state of seawater. It is an empirical relation  that has
been defined based on numerous laboratory studies. The first version of this equation was established
in 1902 by Knundsen and Ekman and has since been replaced by "the international one-atmosphere
equation of state (EOS-80)":
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EOS-80 : International One-Atmosphere Equation of State of Seawater

with

and

http://lecalve.univ-tln.fr/oceano/ies80/index.html 

More refined and recent formulations can be found in the literature (Anati, 1999; Feistel 2003, 2005),
as well as formulations taking into account the geographic variability linked to the shape of the geoid
(for the concept of "neutral density" see McDougall, 1987).

In   June   2009,   the  Intergovernmental   Oceanographic
Commission   (IOC),   with   the   support   of   the  Special
Committee   on   Oceanic   Research  (SCOR)   and   the
International Association of the Physical Sciences of the
Oceans (IAPSO), adopted the  Thermodynamic Equation
of Seawater 2010 (TEOS10) as official definition of the
properties of seawater and sea ice. 
Oceanographers   are   now   strongly   advised   to   use   the
algorithms   and   variables   defined   by   TEOS10   when
reporting their results.

The fundamental differences between TEOS10 and EOS80 are that TEOS10 uses:
(1)  Absolute  Salinity   (SA)   to  describe   the   salt   content  of   seawater;  Absolute  Salinity   takes   into
account the spatial variability of the composition of seawater. In the open ocean, the use of this new
salinity has a nontrivial effect on the horizontal density gradient and thus on the velocities calculated
using the Thermal Wind Equation.
(2) Conservative Temperature  (Q) which replaces  the potential   temperature  (q).  Both are derived
quantities that are determined from thought experiments, namely, they represent the temperature that
a water parcel would attain if adiabatically brought to a standard reference pressure. The Conservative
Temperature offers a better representation of the heat content of seawater with a precision that is two
orders of magnitude greater than with potential temperature.
(3) The properties of seawater defined by TEOS10 all derive mathematically from a Gibbs function
(through differentiation) and are thus compatible with each other (unlike the now obsolete EOS80
approach   in   which   different   mutually   incompatible   polynomials   defined   each   thermodynamic
variable). To allow any oceanographer to use the new TEOS10 formalism, two software programs
are available:
(i) the Gibbs SeaWater (GSW) oceanographic toolbox (for MATLAB and FORTRAN),
(ii) the SeaIceAir (SIA) library (for Fortran and Visual Basic).
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Both are freely available from http://www.TEOS-10.org.

2.2 The momentum equations

Using an Eulerian approach, Newton�s Second Law (Equation of Motion) can be written as

d u i 

d t
= −

∂ p
∂x i


∂ij

∂x i

b i

(1.3)

On the left side of the equation we find the acceleration of a fluid parcel per unit volume while on the
right we have the sum of all surface and volume forces. The former include the hydrostatic pressure
gradients, p, and the divergence of the stress tensor ij.
While the volume forces, bi, have several origins (gravity, Coriolis) they are all proportional to the
mass of the water particle.

The first index in ij  is used to define the direction of the shear (parallel to xi) while the second index
defines the plane on which this acts (perpendicular to xi ). x3 represents the vertical axis. Thus, 13 and
23 are the shear stresses acting on the horizontal planes, while 12 and 21 act on the lateral walls of the
imaginary water parcel.
The stress tensor components acting on the horizontal planes are particularly important in shallow
water as they transmit the effect of wind forcing onto the surface layer and bottom friction to the
bottom layers.

By using the continuity equation for an incompressible fluid (Eq. 1.2) the right side of Eq. 1.3 can be
rewritten as

d u i 

d t
=

∂u i 

∂t


∂

∂x j

u iu j 

(1.4)

The second term on the right is the divergence of the flow from the momentum caused by the flow
itself. It represents the redistribution of momentum in space which fortunately is only non-negligible
in a limited part of the flow field. In fact, this non-linear term causes many mathematical difficulties
(see section on � the Reynolds tensor�). 

Volume forces

The velocity components, ui, are measured in a rotating frame of reference: Earth. Volume forces

therefore include the centrifugal force and the Coriolis pseudo-force associated with the rotation of
the Earth. The centrifugal force is usually contained in the gravity term and the volume forces are
written as 

b i=2 ijku j kg i

g i=−g  i3

(1.5)
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where  k represents the  Earth�s  angular  velocity  components  in  local  coordinates  and  g the
acceleration due to local gravity.
The gravitational pulls by the Moon and Sun are also part of the volume forces. They are important
mainly in the deep ocean, while in shelf seas we mostly study the effects of tidal propagation rather
than the processes of its generation.

Schematic  of  the  local  coordinate  system
showing  the  horizontal  (x1,x2)  and  vertical  (x3)
axes  at  latitude   and  the  angular  velocity
components.

The Earth�s angular velocity,  is 2 radians per 24 h, thus 
 = 0.7292 10-4 s-1. 

By combining Eqs. (1.4) and (1.5) with Eq. (1.3) we obtain

∂u i 

∂t


∂

∂x j

u iu j  = −
∂ p
∂x i

−g i32ijk u jk
∂ ij

∂x j

(1.6)

In this form, the equation of motion becomes nearly impossible  to solve analytically.  In order to
obtain suitable models to study simple flows in shelf seas, Eq. (1.6) needs to be simplified.

2.3 The quasi-horizontal movement approximation

In shelf seas, the ratio between vertical and horizontal velocities is small. This is partly due to the
small ratio between the vertical (depth) and horizontal scales which is of the order of 10 -3. By using
simple  geometrical  considerations  we can  estimate  that  the ratio  between  vertical  and horizontal
velocities  (at  the  basin  scale)  will  have  the  same  ratio.  Furthermore,  the  water  column  is  often
vertically stratified which further impedes vertical exchanges.
As |u3| << |u1|, |u2| the components of the Coriolis acceleration term in the equation of motion become

1st eq. 2( u2 3 - u3  )   2 u2 3

2nd eq. 2( u3  - u1  )   - 2 u1 3

through geometrical considerations we find

 3 =  sin 

where latitude. We can now introduce the Coriolis parameter

f = 2  sin = 1.458 10-4 sin [s-1]
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which yields
 in the 1st eq.   f u2

and in the 2nd eq. - f u1

At  mid-latitudes  around  41°,  f  is  about  10-4  s-1.  f is  generally  taken  as  positive  in  the  northern
hemisphere. 

2.4 The hydrostatic and Boussinesq approximations

While Eq. (1.6) needs to be applied separately to each spatial dimension, gravity is typically only
important for vertical movements. The vertical component of the Equation of Motion is

du3
dt

=−
1


dp
d x3

−g2u12−u21
1


∂3j

∂ x j

(1.7)

The gravitational acceleration, g, is about 10 m s-2; we have already seen that horizontal movements
in the coastal ocean are typically of the order of 0.1 up to 1.0 m s-1; the Coriolis acceleration is of the
order of 10-5 to 10-4 m s-2. The gradients of the Reynolds stress tensor can reach values of 0.1 N m-2

(0.1 Pa) = 0.1 kg m s-2  on a layer of 10 m. Thus the last term is of the order of 10 -5 ms-2. The typical
maximum vertical velocities in the coastal ocean are about 10 -2 ms-1 and the minimum time scales
about 103  s which yields vertical accelerations of the order of 10 -5 ms-2. As a result, we essentially
have  a  quasi-horizontal  motion  where  the  dominant  acceleration  by  gravity  is  balanced  by  the
pressure gradient: 

∂ p
∂x 3

=g

(1.8)

Given that this balance is the same as for a fluid at rest, this is called the hydrostatic approximation.
If the fluid was truly at rest, this equation would tell us that the free surface of the ocean would be at
x3 = 0.  However,  a fluid in motion may have a free surface that  shows a certain inclination with
respect to the horizontal. One typically uses a function like h = h(x,y) to indicate the position of the
free surface of the ocean (the so-called  sea surface height,  ssh).  Negative values  of  h indicate  a
depression  in  the  free  surface  below the  mean  reference  level  while  positive  values  indicate  an
elevation about the mean.
If  we  integrate  Eq.  (1.8)  between  a  certain
level x3 and the surface, we obtain

p=p a∫
x 3



g dx 3

(1.9)
where pa is the atmospheric pressure.
The Equation of Motion in the horizontal (Eq. 1.6 with i=1,2) contains the pressure gradients which
can be calculated from the hydrostatic approximation (Eq. 1.9) as:
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∂ p
∂x i

=
∂ p a

∂x i

surf g
∂

∂x i

∫
x 3



g
∂

∂x i

dx 3 i=1,2

(1.10)

This equation tells us that the pressure gradient in the water column is the sum of three terms: (i) the
atmospheric pressure gradient, (ii) the gradient due to deviations of SSH from the mean, and (iii) the
gradient of the internal density field.
The atmospheric pressure gradient represents an external forcing, however, in shallow water this term
can often be neglected as wind forcing dominates.
The second term represents the acceleration due to the inclined free surface, which can be thought of
as water particles on the surface rolling down a slope.
The third term concerns buoyancy effects that stem from density differences along horizontal surfaces
(or  better  geopotentials).  Under  typical  coastal  flow  conditions,  this  last  term  can  be  further
simplified.

Vertical density differences in the coastal ocean are of the order of one per thousand, which means
that we can replace surf with a reference density o in Eq. (1.10) without committing too great
of  an  error.  However,  horizontal  density  variations  ( ∂/∂ x i ,  i=1,2)  are  non-negligible.
Boussinesq suggested to write density as 

ρ = ρ 0(1+ϵ ) with ϵ=O (10−3
)

(1.11)
and to only retain those buoyancy terms that are of the same order of magnitude.
Neglecting the atmospheric pressure, Eq. (1.10) becomes

1
0

∂p
∂x i

= g
∂

∂x i

∫
x 3

0

g
∂

∂x i

dx 3 = g
∂

∂x i

[−d x 3] i=1,2

(1.12)
hd is  the  difference  in  sea  surface  height  between  a  water
column of density ρ0 and a water column with the � real�  density
ρ(x3). In short, the Boussinesq approximation allows replacing
the real density with its reference value, ρ0 , everywhere except
in the gravity acceleration term. In the pressure terms, this only
leaves the parts with  which is called the dynamic height and
is the main driver of the resulting flow.
One often uses the higher density value as reference density so
 is  always  negative  and  the  dynamic  height  is  zero  or

positive.
If the pressure gradient −∂ p / ∂ x i

disappears at a certain depth x3 = -h, Eq. (1.12) becomes 

=
d
−h

(1.13)

where we have chosen an appropriate zero level for the free surface that allows us to neglect  the
constant of integration. In this case, the sea level topography can be directly determined from the
density distribution (Sverdrup, 1942). In shallow water, it is not usually possible to assume that the
pressure gradients vanish at a certain depth, and the simplification from Eq. (1.13) can only be made
if the total water depth,  H,  is much greater than the reference depth  h. This constraint essentially
eliminates any possibility to simplify the equations in coastal waters which are highly dynamic and
typically exhibit strong density gradients.
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However,  by carefully  choosing the reference  level,  h,  we can regard  hd as a contribution to the
dynamic  height  of  something  that  is  relative  to  the  density  distribution  and on  which  there  is  a
distribution of h -hd (-h) that is not necessarily related to the internal density distribution.
The typical velocities in coastal oceans are of the order of 0.1 m s-1 with time scales of days (e.g.,
storm events), i.e., 105 s . This corresponds to a mean acceleration of 10-6 m s-2. An inclination of the
free  surface  of  just  10-7 (1 cm  on  100 km)  creates  the  same  level  of  acceleration  making  it  an
important quantity to consider when assessing the momentum balance.
A constant  density  anomaly,  ,  of  1  part  per  1000  over  a  30 m  surface  layer  yields  a  3 cm
contribution to the dynamic height  relative to a 30 m depth.  On a typical  scale  of 100 km a 10-7

density gradient is created if a surface layer is 30 m deep at one point and 20 m deep at a distance
100 km away. Density  differences  of this  order  (and above)  are  almost  always present  in coastal
oceans, so it can be said that all physical processes that control the density field can affect horizontal
momentum balances in a highly significant way.

The Reynolds stress tensor

Flow in coastal waters is generally turbulent, especially in the surface and bottom layers, and the time
scales of such flows are typically greater than the time scales associated with turbulence. Whenever
this is true, it is possible to use the so-called Reynolds decomposition which divides the overall flow
and pressure into a mean (non-turbulent) component and a component due to turbulence

ui=uiu i'
p=pp '

The time averages of the fluctuating components,  ui'  and  p',  are zero by definition. As a result, all
terms containing these fluctuations in the equations of continuity and motion disappear and only the
products  of  the  form ui ' u j ' remain,  the  so-called  Reynolds  stresses.  The divergence  of  these
terms is very similar to the role played by the means of the viscous terms in the equation of motion,
as a result these terms are often combined and placed on the same side of the equation:

 ij= ij−u i'u j '

With a few exceptions, the contribution by molecular viscosity is usually negligible in comparison to
turbulence viscosity and we will therefore always consider the viscous terms as Reynolds stresses and
that Eq. (1.3) is applied to the mean flow, even if we will omit the overbars (symbolizing the means)
in the notation from now on for practical reasons.

REMINDER (see Course OPB205)

Average flow equations (Reynolds)

For a turbulent flow, rather than looking for the instantaneous speed given by the Navier-Stokes equations, we
are looking for a velocity that is averaged over time, that is to say, averaged over a certain period of time that
depends on the type of phenomenon being investigated. 
At  the  same  time,  for  each  of  the  variables  (components  of  velocity  and  pressure)  we  do  the  following
decomposition u = uu ' ,  where u is  the  mean and u ' the  variability  about  the  mean such that

u '=0 :

u =
1
T
∫
0

T

u dt u ' =
1
T
∫

0

T

u ' dt = 0

This  approach  was  developed  by  Osborne  Reynolds  (http://en.wikipedia.org/wiki/Osborne_Reynolds).  As  an
example, let us calculate the mean of the product of two independent components u and v:
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uv =
1
T
∫
0

T

u v dt =
1
T
∫

0

T

uv dt
1
T
∫
0

T

u v ' dt
1
T
∫
0

T

u ' v dt
1
T
∫
0

T

u ' v ' dt

so
uv = u vu v 'u ' vu ' v '

but since u '=v '=0
uv = u vu ' v '

T represents a period of time that is sufficiently long so the mean values are independent of time. We have
similar definitions for v, w, and p. Even if u '=0 , it should be noted that the fluctuations themselves can be of
the same order of magnitude as  u. Furthermore, these fluctuations that are superimposed on the mean vector
are  always  three-dimensional,  i.e., u ' , v ' , w' are  always  non-zero  even  if  the  flow  is  one-  or  two-
dimensional.

It can be shown that all linear terms of the Navier-Stokes Equation keep the same form for both the mean and
instantaneous flows; however, the advection terms (to show in the exercise) become:

The Reynolds equations thus differ from the Navier-Stokes Equation in that they contain turbulence terms. They
are often referred to as the Reynolds-averaged Navier-Stokes (RANS) equations.

Reynolds stress and turbulence viscosity

We show that the continuity equation for an incompressible fluid

∂u
∂ x


∂v
∂ y


∂w
∂ z

= 0

satisfies the following mean flow equation (to show in the exercise):

∂u
∂ x


∂v
∂ y


∂ w
∂ z

= 0

Using the definitions of u and u ' we obtain:

∂u
∂ x

=
1
T∫

0

T
∂u
∂ x

dt =
∂

∂ x [ 1
T∫

0

T

udt ] =
∂

∂ x [ 1
T∫

0

T

uu ' dt ] =
∂u
∂ x

By subtracting u ' = u−u we can deduce that

∂u '
∂ x


∂ v '
∂ y


∂w '
∂ z

= 0

We can therefore write the turbulence terms as follows (without them changing value – according to Ox):

u '
∂ u '
∂ x

v '
∂u '
∂ y

w'
∂u '
∂ z

u '  ∂u '
∂ x


∂ v '
∂ y


∂w '
∂ z  =

∂ u ' u '
∂ x


∂u ' v '
∂ y


∂u ' w '
∂ z

and the Reynolds equation for the u component can be written as:

∂u
∂ t

u
∂ u
∂ x

v
∂u
∂ y

w
∂u
∂ z

= −
1
o

∂ P
∂ x

 f v [ ∂
2
u

∂ x2

∂

2
u

∂ y2

∂

2
u

∂ z2 ]−∂u ' u '
∂ x

−
∂u ' v '
∂ y

−
∂u ' w '
∂ z

where the last three terms are the so-called Reynolds stress terms. 
J.V. Boussinesq (1842–1929) proposed to relate theses Reynolds stresses to the gradients in the mean flow as:

u ' u '=−Ax
∂u
∂ x

 ;                     u ' v '=−Ay
∂ u
∂ y

 ;                     u ' w '=−A z
∂u
∂ z

 ;

where the coefficients A are called turbulent exchange coefficients (where the symbol A comes from Austausch =
exchange in German) or eddy viscosity.
If we neglect the spatial variability of these coefficients the turbulence terms take a form that is identical to the
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form of molecular friction as illustrated for the x component:

d u
d t

= −
1
o

∂ P
∂ x

 f v   [ ∂
2
u

∂ x2


∂
2
u

∂ y2

∂

2
u

∂ z2 ]  A[ ∂
2
u

∂ x2

∂

2
u

∂ y2

∂

2
u

∂ z2 ]
and since they are much smaller (in the ocean 10 -5 to 10-6 in the vertical and 10-10 to 10-12 in the horizontal) they
are typically neglected entirely.
However, care must be taken with these simplifications because unlike  , the A coefficients are no properties
of the fluid but of the flow. They vary spatially and depend on the chosen averaging time. In oceanography, we

typically distinguish between coefficients for the horizontal A x=A y=Ah and vertical dimension A z .

2.5 Surface and bottom friction
While  the diagonal  components  of the Reynolds  stress  tensor  represent  a small  correction  of the
hydrostatic pressure, the components xy= yx=u ' v ' represent the turbulence momentum flux, the
divergence of which is very important for the horizontal components of the equation of motion. In
practice, the value of xy is rarely larger than 1 Pa and its spatial scale of variability usually greater
than 10 km. The divergence term thus becomes

∂τ xy

∂ x
,
∂τ xy

∂ y
≈ O (10−7

)m s−2
<

∂τ xz

∂ z
,
∂τ yz

∂ z
(see below )

Although the vertical divergence is larger, the difference is not large enough to completely eliminate
xy and   yx ,  although Csanady (1982) pointed out that it is difficult to demonstrate that the

effects  of  lateral  friction  play  a  rather  significant  role  in  general  circulation  problems  in coastal
waters.
In contrast, the horizontal Reynolds stresses  xz=u ' w ' and  yz=v ' w ' are really important in
shallow water.  Wind friction at  the surface represents  the main forcing for the main flow and is
transmitted to the sub-surface via these terms. Likewise, bottom friction represents a key process for
coastal flows.
If we use F=F x , F y  z=0 to denote the components of surface friction due to wind, the
continuity condition at the air-sea interface requires

 xz=F x  yz=F y

Generally, wind friction occurs along the wind direction and its intensity can be calculated from a
quadratic law.

F=
a

w
C10

W∣W∣

(1.23)

with W≡W x , W y  the wind velocity,  a/w the ratio between the densities of air and water,
and C10 a drag coefficient which, by definition, refers to the wind speed at an altitude of 10  m above
sea level. The value of C10 can be estimated with field measurements. Csanady (1982) proposed the
following:

C
10 
=1.6×10−3,  W≤7 m s−1

C10 =2.5×10−3, 
W≥10  m s−1



with intermediate values for wind speeds between 7 and 10 m s-1 . C10 varies with wind speed as larger
wind speeds  increase  the surface  roughness  of  the  water  (creating  ripples  and increasingly  large
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waves) which in turn increases friction.
These values of C10 correspond to those for a Nikuradse roughness (see box) of 1.4 cm for weak
winds that create capillary waves and 10 cm for stronger winds that create foam-capped waves.
For a wind speed of 7 m s-1 Eq. (1.23) gives F = 10-4 m2 s-2 where  = 0.1 Pa.

Another reason why the terms  xz=u ' w ' and  yz=v ' w ' are so important is because they also
transmit the bottom friction toward shallower layers. A typical sea floor slope near the coast is of the
order  of  10-2-10-3 thus  practically  horizontal  (NB:  over  distances  of  the  order  of  kilometres  the
irregularities in the bottom topography can be considered as a type of � roughness�). 
If we denote the bottom roughness with B=Bx ,B y   z=−H  , we can write

 xz=B x  yz=By

(1.25)
in analogy to Eq. (1.22) and the bottom friction can be treated with a quadratic law that is similar to
Eq. (1.23)

B=Cd
U 1∣ U1∣

(1.26)

where  Cd is  again  a  drag coefficient  and U1≡U 1 ,V 1 the  current  velocity  at  a  certain  height
above the sea bed, typically at 1 m. It is often difficult to determine Cd through in situ observations
and one often employs a fixed value of Cd = 2⋅10−3 .
Using this value we see that the typical intensity of bottom friction for a water velocity of 0.2 m s -1

roughly corresponds to the amount of wind friction caused by moderate wind velocities.  A bottom
water  velocity  of  1  m  s-1 would  correspond  to  the  wind  friction  caused  by  a  hurricane.  So  the

divergence of both the surface and bottom friction ∂ x , y  z /∂ z are important.

2.6 Eddy viscosity

Bottom and surface friction are not uniformly distributed throughout a water column of 100 m. There
are typically two mechanisms that prevent a uniform distribution: rotation and stratification.
In a viscous and homogeneously rotating fluid, friction on a boundary that is not parallel to the axis of
rotation generates layers of limited depth in which the friction is reduced to zero (Ekman 1905). The
depth of the viscous Ekman layer is of the order of

 2


f

with ν the kinematic viscosity. Outside the Ekman layer the flow remains practically frictionless.
When the Ekman layer is turbulent (nearly always in coastal waters) the Reynolds stresses are also
limited to a layer of limited depth, as if turbulence itself was some form of viscosity that prevented
further  distribution  through  the  water  column.  The  thickness  of  the  turbulent  boundary  layer  is
independent of the properties of the fluid and is of the order of

0.1
u∗

f
where u∗=( τρ )

1/2

is a friction velocity with τ theamount of stress exerted against the boundary

For a typical stress value of t = 0.1 Pa, u* = 1 cm s-1, the thickness of the Ekman layer is of the order
of 10 m at mid latitudes, while for a hurricane producing stresses of 3 Pa or above, the bottom and
surface Ekman layers in a 100m water column may start to overlap.
Stratification due to surface heating or as a result of freshwater inflow can lead to a slight reduction in
the thickness of the surface and bottom layers. As the bottom and surface layers remain well mixed by
turbulence, any density variations are confined to the interior of the water column, the intermediate
depths  between  both  layers  where  strong  changes  in  density  can  sometimes  be  observed.  While
Reynolds stresses can also be generated through wave action, these stresses are usually smaller (by
about 2 orders of magnitude) than the stresses generated by bottom or surface friction. There can be
exceptions  at  the  layer  interfaces  depending  on  the  magnitude  of  density  variations,  with  abrupt
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changes in flow velocity.
In order to make the equation of motion solvable, it is necessary to parametrize the Reynolds stresses
inside the fluid  13,  23 in terms of velocities. With a little care and knowledge, we can write these
stresses as proportional to the flow velocity gradients

τ xz=K z
∂u
∂ z

,τ yz=K z
∂u
∂ z

where K z is the turnbulenceeddy viscosity

(1.27)

Whenever you use these relations you need to remember that K z is a property of the fluid and not
of the flow. A priori, it is therefore not reasonable to use a single value for the entire water column
and neither for the entire boundary layer. In fact, in a boundary layer of 1 m K z varies very rapidly
with depth near the sea bed and the surface,  in fact  near any interface (e.g.,  the thermocline).  In
general, the velocity vector changes rapidly across these surfaces but the Reynolds stress does not. If
we are trying to characterize the flow within the boundary layer we can use a logarithmic law. In
coastal  oceanography,  the study of boundary layers is very complicated and our understanding of
them remained very limited for a long time. Modern instruments now make it possible to embark on
more detailed in situ studies (see figures of observations with the SEPTR).

Outside boundary layers, in a flow region with homogeneous turbulence shear, the eddy viscosity can
be  considered  constant  and  proportional  to  the  velocity  and length  scale  of  the  flow.  In  regions
influenced by surface and bottom stresses, we can have a proportional relationship with the friction
velocity and the depth of the mixed layer: 

K z=
u∗ h
R e

where R e is the friction Reynolds number .

(1.28)
Field observations suggest that Re is between 12 and 20.

Inside a continuously  stratified water  column,  hence without  interfaces  of  sharp density  changes,
there are no observations that can help to determine K. An typical estimate of the order of magnitude
is  K=1 cm2 s-1 = 10-4 m2 s-1, i.e., two orders of magnitude smaller than the typical value for a well-
mixed boundary layer using Eq. (1.28).      

At interfaces where density varies abruptly, it is better to use a quadratic law of the type of Eqs. (1.23)

and (1.26). Then, if we denote the stress components with I= I x , I y  z=−hI  , we can write

I i=C s
U I∣ U I∣

(1.29)

where Cs a friction coefficient appropriately chosen for this kind of interface and
U I represents the

velocity change across the interface. In a laboratory setup a value of  C s = 0.5×10−3 has been
observed but it is very difficult to verify whether this value also applies in situ.
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In  summary,  it  is
possible  to  use  Eq.
(1.27) with K = constant
in a homogeneous layer
and  to  use  Eqs.  (1.23),
(1.26), and (1.29) at the
boundaries  (see
schematic on right). 

Obviously,  in  this  case
the  procedure  to
calculate  the  stresses
and velocity distribution
becomes  very  complex
as we need to apply the
quadratic laws and scale
the  eddy  viscosity  with
the boundary stresses. 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~


x , y z=

F=
a

w
C10

W∣W∣ (1.23)

---------------------------------------------------------------------------

τ (x , y )z=ρ K z
∂(u , v)
∂ z

with K z=
u∗ h
R e

where K z=10−4

(1.27)
-. - - . - - . - - . - - . - - . - - . - - . - - . - - . - - . - - . - -. - -. - -. - -.  

x , y z=I i=C s
U I∣ U I∣ (1.29)

-. - - . - - . - - . - - . - - . - - . - - . - - . - - . - - . - - . - -. - -. - -. - -.  

τ (x , y )z=ρ K z
∂(u , v)
∂ z

with K z=
u∗ h
R e

where K z=10−4

(1.27)
---------------------------------------------------------------------------

x , y z=B=Cd
U 1∣ U 1∣ (1.26)

/////////////////////////////////////////////////////////////////////////////////////////

While  it  is  often possible  to  simplify the relationship between the stresses  at  the boundaries  and
within the fluid and the flow velocity without incurring too great of an error, it should be noted that
the presence of the bottom and surface layers cannot be neglected altogether if we wish to obtain a
realistic  distribution  of  the internal  flow velocities.  For  example,  if  we were to impose a no-slip
condition at the solid borders and a constant eddy viscosity in the interior of a viscous fluid flow, one
would  observe  the  same difference  between  the calculated  and observed  profiles  as  between  the
Poiseuille distribution for laminar flow and the turbulent velocity profile in a pipe.

Velocity  profiles  in  a  pipe:  (a)
laminar Poiseuille and (b) turbulent
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Example modelling study of the sensitivity of the general circulation with regard to the vertical eddy
viscosity (expressed as the vertical Ekman number) 

2.8 Linearising the equations

When Eq. (1.27) is inserted into the horizontal components of the equation of motion, the latter takes
on the form of the Navier-Stokes equations,  which – in their  non-linear  form – cannot be solved
analytically.  They can  be  simplified  by  neglecting  the internal  stresses  which  are  assumed  to  be
distributed in a simplified fashion or by neglecting the advection terms, a transformation known as
“linearisation”.
In general, we can assume that the advection of momentum in geophysical problems can be neglected
if the ratio between the non-linear terms and the Coriolis force (i.e., the Rossby number) is small:

u
∂u
∂ x
f v

≃
U
f L

= Ro≪1

(1.30)

where  U and  L are appropriate  velocity  and length scales,  respectively.  This  criterion  focuses  on
balancing the momentum across the flow (cross-section). 
In contrast, if one wants to create a balance along the flow direction, since there is no Coriolis term
the comparison is made between the non-linear terms and the wind/bottom friction terms. The non-
linear terms are negligible if

u
∂ v
∂ x

u∗

2

h

≃
U2

u∗

2 ⋅
h
L
≪1

(1.31)
where h is the thickness of the layer across which the stress ρu*

2 is distributed.
In coastal waters, neither criterion (1.30) nor (1.31) are typically met, as Ro in (1.30) and the ratio in
(1.31) are usually of the order of 1. This means that the advection of momentum could be important.
However, if we examine what the actual effects of the advection of momentum really are, we find that
they  consist  of  readily  understandable  and  predictable  modifications  of  the  structures  (patterns)
created and governed by the linear terms (Coriolis, local accelerations, wind and bottom friction). The
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reason for this behaviour is that the non-linear terms have the form of a divergence and therefore
disappear near the boundaries. Their role is thus to transfer the momentum from one part of the basin
to another, without modifying the magnitude of momentum.

If we consider the example of a coastal jet,
i.e., a strong and fairly narrow wind-driven
current along the coast, balancing the linear
terms implies  that  it  should  stay near  the
coast, but if we also consider the non-linear
terms we see that under certain conditions
the  advection  of  momentum  would  move
this current away from the coast toward the
open sea, but without modifying any of its
basic characteristics  such as its  horizontal
extent or strength. 

Clearly, this effect is very important and must be understood, but it is also true that by using just the
linear terms we can already understand a significant amount such as the spatial and temporal scale,
oscillation frequencies, or the number of waves that contribute to an oscillatory movement.
In summary,  the purpose of using a linear theory is to provide theoretical  models that are simple
enough to highlight some important physical relationships in otherwise overly complicated problems. 
The limitations of linear theory become particularly apparent in stratified fluids with large vertical
and horizontal displacements of fluid parcels,  as generated by wind or other forcings in a narrow
coastal strip. The effects of these displacements are not only included in the momentum transport
terms but also in the first order variations of the distribution of pressure caused by the distortions of
the density field. As we have already seen, a water parcel tends to keep its temperature and salinity for
periods of about one day, and a rapid vertical displacement yields a similar increase in elevation as a
rapid change in dynamic height hd  Eq. (1.12). If these changes in elevation are confined to a narrow
coastal  strip,  this  creates  significant  pressure  gradients.  Nevertheless,  linear  theory,  although
assuming only small vertical displacements, can still be useful to understand the initial phase of these
types of dynamics.

2.8 Shallow water equations

Previously, we saw that the evolution of the mean horizontal velocity (in the sense of turbulence) of a
geophysical fluid parcel is described by the Navier-Stokes equations:

∂u
∂ t

u
∂ u
∂ x

v
∂u
∂ y

w
∂u
∂ z

= −
1
o

∂P
∂ x

 f v−
∂u ' u '
∂ x

−
∂u ' v '
∂ y

−
∂u ' w '
∂ z

∂v
∂ t

u
∂ v
∂ x

v
∂v
∂ y

w
∂ v
∂ z

= −
1
o

∂P
∂ y

− f u−
∂ v ' u '
∂ x

−
∂v ' v '
∂ y

−
∂ v ' w'
∂ z

u, v, and w are the horizontal and vertical non-turbulent velocity components or “means”;
u', v', and w' are the turbulent velocity components;
f  is the Coriolis parameter;
P is the pressure;
ρo is the reference density of sea water in the Boussinesq sense.

The first term corresponds to the local variations in velocity over time. The second to forth terms
represent horizontal advection along the three axes, and the fifth term is the pressure gradient. The
sixth term is the Coriolis term that accounts for the influence of the Earth’s rotation; if the flow has a
sufficiently small length scale, the Earth's surface can be approximated by its tangent plane and we
can consider the Coriolis term i) constant: f-plane, f = f o , e.g., for coastal dynamics or ii) varying

34



OPB306 and OPB309 Master of Marine Sciences Specialisation OPB

linearly  along  a  meridian:  approximation  of β− plane , f = f o+β y ,  e.g.,  for  regional  and
large-scale dynamics.

The last  three  terms  account  for  turbulence.  In  what  is  known as  “Newtonian  closure”,  we can,
similarly to molecular viscosity, introduce coefficients of turbulence eddy viscosity and replace the
means of the products between the turbulence velocities with the mean flow velocity: 

u ' u '=−A x
∂u
∂ x

 ;                     u ' v '=−Ay
∂ u
∂ y

 ;                     u ' w '=−A z
∂u
∂ z

 ;

v ' u '=−Ax
∂ v
∂ x

 ;                     v ' v '=−Ay
∂ v
∂ y

 ;                     v ' w'=−Az
∂ v
∂ z

 .

For typical scales of oceanic flows, the equation for the vertical velocity component reduces to the
hydrostatics equation which reflects the balance between pressure and gravitational forces. It yields
the pressure:

P z =Pag∫z



⋅dz

where Pa is the atmospheric pressure, g is gravitational acceleration, and η the surface elevation with
respect to the mean. z = η(x, y, t) thus represents the free surface of the ocean while z = -h(x, y) marks
the  bottom.   is  the  density.  Using  Boussinesq’s  approximation  of
ρ≡ρ o+ρ ' (x , y , z , t) with ρ '≪ρ o , the horizontal derivatives become

1
o

∂P
∂ x

=
1
o

∂Pa

∂ x
g

∂

∂ x


g
o
∫

z



∂ '
∂ x

dz

1
o

∂P
∂ y

=
1
o

∂Pa

∂ y
g

∂

∂ y


g
o
∫
z



∂'
∂ y

dz

The second and third term on the right-hand-side are the barotropic and baroclinic contributions to the
pressure gradient, respectively.

If we neglect the baroclinic and atmospheric pressure contributions, the horizontal gradient can be
written as:

∇H P = o g ∇H
  

This  equation states  that  the forces  acting on the fluid are  purely horizontal,  which allows us  to
assume that the horizontal velocity components are independent of   z. This causes the fourth terms in
the Navier-Stokes equations to vanish while the turbulence eddy viscosity term is replaced by the
boundary conditions,  i.e.,  wind forcing at the surface F≡F x , F y and frictional  forcing at the

bottom B≡B x ,B y .

While  the  wind forcing  (Fx,Fy)  represents  an  external  forcing,  the  bottom friction  terms  can  be
rewritten using the quadratic law

While the velocities at z = -H are the velocities above the bottom layer, in calculations they are often
taken as extrapolated velocities assuming a constant eddy viscosity in the interior layers with a drag
coefficient adapted to this velocity.

The equations of motion become
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∂u
∂ t

u
∂ u
∂ x

v
∂u
∂ y

= −g
∂

∂ x
 f vAh[ ∂

2u

∂ x2

∂

2u

∂ y2 ]F xBx (1)

∂v
∂ t

u
∂ v
∂ x

v
∂v
∂ y

= −g
∂

∂ y
− f uAh[ ∂

2 v
∂ x


∂

2v
∂ y ]F yB y (2)

We thus  have  two  equations  for  three  unknowns  (the  two  velocity  components  and  the  surface
elevation). To close the system, we need to add the continuity equation rewritten as a function of the
same three unknowns.
We start with the continuity equation for an incompressible fluid:

∇⋅u =
∂w
∂ z

  ∂u
∂ x


∂ v
∂ y  = 0

By integrating  from the sea bed to  the  free  surface  and considering  that  the  velocities  and their
derivatives are independent of z we obtain:

w z= − w z=−h  h ∂u
∂ x


∂v
∂ y  = 0 .

At the surface we have

w z= =
d 

d t
=

∂

∂ t
u

∂

∂ x
v

∂

∂ y
.

At the bottom, considering that the bathymetry does not change with time, we obtain

w z=−h = −
d h
d t

= −u
∂ h
∂ x

−v
∂h
∂ y

.

Through substitution we obtain:

∂ h

∂ t
+
∂(Hu)
∂ x

+
∂(Hv)
∂ y

= 0 with H =h+h (3)

The  ensemble  of  Eqs.  (1-3)  constitutes  the  so-called  shallow  water  (SW)  equations.  As  for  the
hydrostatic  approximation,  these  equations  are  valid  as  long  as  the  water  depth  is  shallow  in
comparison to the relevant horizontal scales.
The SW equations are useful to study, among other things, long gravity or gyroscopic waves. For this
we need to consider the linearised version of the equations, without eddy viscosity, and assume that
≪h .  Furthermore, if  h = const,  f = 0, and if any motion depends on  x only (1D flow), the

equations become:

∂u

∂t
=−g

∂

∂ x

if we differentiate
by 

∂ x

∂

∂ x

∂u

∂t
=−g

∂2  

∂ x2

∂

∂ t
h

∂u

∂ x
=0

∂ t

∂2 

∂ t2
h ∂

∂ t

∂u

∂ x
=0

we obtain
∂2 

∂ t2
−gh

∂2  

∂ x2
=0

This last equation is a wave equation with the solution h=F (x−ct ) with c=√ gh . 
The above set of equations provides are fairly accurate description of the dynamics in a well-mixed
coastal ocean. The SW equations are sometimes also referred to as Saint-Venant equations. 

Local and global applications

When applying the above equations, the problem of predicting the response of a coastal ocean under
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some forcing can be conveniently divided into a local and global problem. 
Once an appropriate approximation has been chosen for Az, Eqs. (1.32) and (1.33) can be solved for
u(z), v(z) using the sea surface slope (gradient of h) as external input (forcing). The resulting velocity
distribution can be obtained from a local calculation of the pressure at each (x.y).
We then need to calculate the distribution of the pressure, or rather the elevation, on the basin scale,
i.e.,  "globally".  This  can  be  done  by  vertically  integrating  the  equations  or  transport  equations.
Integration  on  the  vertical  implies  that  we  define  the  horizontal  transport  from  the  velocity
components

U=∫
−H

0

udz , V=∫
−H

0

v dz

(1.34)
yields 

∂U

∂ t
− f V=−gH

∂

∂ x
F

x
−B

x

∂V

∂ t
 f U=−gH

∂

∂ y
F y−By

∂U

∂ x

∂V

∂ y
=−

∂

∂t
(1.35)

In Eqs. (1.34) and (1.35) small variations in surface elevation h(x.y) have been neglected with respect
to the depth H(x,y). Surface friction (Fx,Fy) is accounted for as an external input. Bottom friction can
be calculated from the velocity distributions obtained from the local calculations.
The above equations, called transport equations, constitute a closed ensemble of three equations for
three unknowns U, V, and h which can be solved globally.
While  the  solution  of  the  global  problem  is  usually  difficult,  the  problem  can  be  simplified  by
neglecting bottom friction or by expressing it as another transport term

Bx=Cd U U 2
V 2


1 /2 , B y=Cd V U 2

V 2


1/2

which yields solutions to many interesting problems.
To solve the transport equations it is necessary to define the boundary conditions at the coast and at
the open boundaries. At the coast, we have a closed boundary which means that the cross-boundary
transport is zero while at the open boundaries the cross-boundary transport and changes in h need to
be continuous.  
Unfortunately, several problems arise when an open boundary is located between the coastal ocean
and the deep ocean and a simultaneous solution of the two regions is not always possible. 

2.9 Simple models

A small number of basic models have played an important role in advancing our understanding of
atmospheric and oceanic dynamics as they have been able to elucidate some of the more complex
dynamics in the coastal ocean. Below, we study three elementary models based on the shallow water
equations which provide solutions to the local and global problems.

Geostrophic balance
If we consider the case in which (i) both wind and bottom friction are negligible,  (ii)  the fluid is
homogeneous,  and (iii)  the flow stationary,  then all  derivatives  in the transport  equations  vanish.
While  this  case  is  rather  unrealistic,  it  could  represent  a  scenario  where  a  current  that  has  been
generated by an earlier event and is now weakening very slowly. Without loss of generality, we can
align the y axis with the main flow direction which means that U = 0.
The transport equations then become:
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− f V=−gH
∂

∂ x

0=−gH
∂ 

∂ y
∂V
∂ y

=0

(1.42)
The first and third equations are only adequate if ∂H / f /∂ y=0 , i.e., if the transport  occurs
along isobaths while the sea surface slope is perpendicular to the coast.
The balance of forces is not trivial except in the direction perpendicular to the coast along which the
Coriolis force is balanced by the pressure gradient.
In the absence of any sea surface elevation and bottom friction, the solution to the local problem is
simply

v =
V
H

=
g
f
∂h

∂ x
∀ z , y

with g ~= 10 m s-2  and f =10-4 s-1 we
have a gradient of just 10-5 (1 cm on
1  km)  which  gives  a  geostrophic
flow velocity of 1 m s-1.

This  type  of  flow  satisfies  the
�coastal constraint� condition for all
x and is  therefore  valid  if  the coast
line is parallel to the y-axis. It can be
considered as a basic coastal flow.

Ekman drift

When considering the flow far from any boundaries we can assume h = 0 everywhere. Let us assume
that the flow is forced by wind friction  rF  in the  y direction and that the flow is stationary. Let us
further assume that the water column is sufficiently deep so that bottom friction can be neglected (we
will return to this later on). 
The transport equations (1.35) then become

− f V=0
 f U=F y

∂U
∂ x


∂V
∂ y

=0

with the following solutions

U=
F y

f
V =0

This results in a transport to the right of the main flow (in the Northern hemisphere were f is positive)
with a magnitude of  F/f. For typical values of  F = 104 m2 s2  and  f = 104 s1  we obtain  U = 1 m2 s1

(equivalent to a current velocity of 0.1 m s1 over a depth of 10 m). This transport is known as Ekman

38

XpertScientific Scienticic Editing & Consulting, 02/12/20
In the original, these sentences seemed incomplete “if” sentences without the “then”, i.e., usually you have “If …., then …” but you only had “If ….”.  
Reformulated using “Let us assume that… “. 



OPB306 and OPB309 Master of Marine Sciences Specialisation OPB

transport and the movement that sets off this transport is called Ekman drift.
The local  problem has no trivial  solution in this case.  If we use Eq. (1.27) to calculate  the eddy
viscosity and assume that K is constant below a surface layer of negligible thickness, and considering
that the horizontal gradients are zero as per our assumption, then Eq. (1.32) becomes

− f v=A z
∂

2 u

∂ z2

f u=A z
∂

2 v
∂ z2

with boundary conditions

Az
d u
∂ z

=0 , Az
d v
∂ z

=F y , z=0 

d u
d t

=
d v
d t

=0 ,  z⇒−∞

The spatial scale is the Ekman depth

D= 2 A z

f
(1.50)

and the solution can be written as

u=
F y

f D
ez /Dcos

z
D
−sin

z
D 

v=
F y

f D
e z /Dcos

z
D
sin

z
D 

(1.51)
At a depth z >> D velocities and turbulence stresses disappear and it becomes reasonable to neglect
bottom friction for sufficiently deep water columns.
Empirically, we have already seen that for a turbulent Ekman layer the Ekman depth is

D≈0.1
u∗

f
(1.52)

and from Eq. (1.50) we get

K=
u∗

2

200 f
=

u∗ D
20

which has the same form as Eq. (1.28) and tells us that for a homogeneous Ekman layer the turbulent
Reynolds number is about 20.
Eq. (1.52) also shows that the term u*/fD  from Eq. (1.51) is of the order of 10. Hence the velocity
components at z=0, i.e., up to just below the surface layer, are u = v = 10 u* and these velocities are
at a 45° angle with respect to the wind direction.
While the properties of the surface layer are not well known, we can apply a logarithmic profile of the
form

vs−v
u∗

=
1
k

ln
∣z∣
r
8.5

39

XpertScientific Scienticic Editing & Consulting, 02/12/20
Another incomplete “If” sentence here. Have joined with next sentence. 



OPB306 and OPB309 Master of Marine Sciences Specialisation OPB

where k is von Karman’s constant ( 0.4) and r the corresponding surface roughness. The latter can
become rather large (of the order of 1 m for moderate wind speeds) such that the contribution of the
logarithmic term for a depth of z = 1 m becomes negligible. The velocity variation across the surface
layer is thus about 8.5u* between the free surface and the lower limit of the layer at z = r.

The velocity distribution in a turbulent Ekman layer with the surface boundary layer is shown as a
hodograph. The surface flow is at an angle of about 45° to the right of the wind direction and has a
velocity of about 20u*, which, according to Eq. (1.23), represents about 3% of the wind speed.
For a typical value of  u* = 0.01 m s1  which corresponds to a wind speed of  W = 7 m s1  and with
f = 104 s1 the Ekman depth, D, is 10 m.
The current velocity becomes negligible at a depth of about  z = 3D  or 30 m. The water column is
often sufficiently homogeneous for this depth to be realistic.
However, we should not forget that in this model the coast is supposedly absent. In fact, the Ekman
spiral shown in the figure below is incompatible with the presence of a coast in any direction as there
would always be a flow perpendicular to the coast at all depths. However, it is also possible to insert a
thin lateral layer to resolve this problem.

wwwpord.ucsd.edu/~ltalley/sio210/Wind_forcing/
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2.10 Inertial currents and oscillations
If  we  consider  a  flow far  from  the  coast  we  can  assume  that  the  sea  surface  elevation  is  zero
everywhere (h = 0). By assuming that both bottom and surface friction are negligible and that the
flow has been generated by some previous event, the transport equations become

∂U
∂ t

− f V=0

∂V
∂ t

 f U=0

∂U
∂ x


∂V
∂ y

=0

(1.44)
This  system represents  a  balance  between local  accelerations  and the  Coriolis  force  and has  the
following solution 

U=U ocos f t V =−U osin f t

where U o=const .  If the coordinate system is chosen such that  V = 0 at  t = 0 then the internal
velocities simply are

u=
U
H

=uocos f t ,

v=
V
H
=−uosin ft

The flow is periodic with a period of T = 2p/f which is about 17 h at mid latitudes. The entire water
mass oscillates in phase and the water particles travel along circular paths with a radius of uo/f. For a
velocity of uo = 1 m s-1, and given that f = 10-4 s -1, we obtain a radius of 10 km.
These types of motions are called inertial  oscillations.  They are usually not  observed near coasts
although Eqs. (1.44) and the implied balance of forces can be observed in areas characterised by
strong winds such as the Gulf of Lion.
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Simulation of the flow velocities in the Gulf of Lion during the Moogli-2 campaign (June 1998) using the
Symphonie model.  The arrows represent the temporal  evolution of the flow at 32 m every 3 hours.  At the
centre of the Gulf we can observe an inertial oscillation. (C. Dufau et A. Petrenko) 
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Currents measured by hull-mounted ADCP at 16 m depth in chronological order (following the bold
arrows) on transects a/ 1-66b, b/ 66-6a et 6-7a, c/ 7-6a and 6-66a, and d/ 66-4a. The flow directions
at Station 6 are shown in the circular inset at the bottom right of each panel.  

(figure and table courtesy of J. Gatti).
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(Lecture given by A.Petrenko)

Summary:  Inertial  oscillations  (or  waves),  in  a  rotating  reference  frame,  consist  of  a
horizontal and circular motion of a particle only subject to the Coriolis force and moving
frictionlessly on a gravitationally equipotential surface (locally, a horizontal plane) with a
non-zero initial velocity. While undergoing one cycle of this oscillation, a water particle
describes a circle, called an inertial circle, which it follows in a clockwise direction in the
Northern hemisphere with a periodicity that is called the inertial period. 
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Reminder  from  the  L3  course (Ocean  Dynamics.  A.  Doglioli  et  A.  Petrenko ;  and
remember Section 2.9 of this course)
 
If a particle is not subjected to any external force, its acceleration in an inertial reference frame
obeys Newton's 2nd law. The equations of motion can be simplified as follows:

d u
d t

= f v

d v
d t

= −f u

by solving for u and substitution we get

v=
1
f

d u
d t

1
f

d 2 u
d t 2 = − f u i.e.

d 2 u
d t 2 + f 2 u = 0

 
The general solution of this second degree differential equation is:

u = V o cos ft  and if we replace u by this solution in the vequation:
v = −V osin ft

where the velocity V o and phase  depend on the initial conditions.

For example, if we consider the case where the oscillations are triggered by Mistral events off the
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Marseille coast, by positioning the axes as shown in the figure below, we can set the following
initial conditions:
Initial   flow   velocity   in   the   direction   of   the
wind: ut=0=0. Then

ut=0=V o cos =0 et  =/2

Substituting this into the vequation

v = −V osin ft/2 and thus

v t=0 = −V o sin /2 = −V o

The flow velocity depends on the wind speed.
For  example,   for  a  wind speed of  80 km h1

the   surface   velocity   reaches   approximately
50 cm s1. 

See for example:

http://www.dot.state.fl.us/rddesign/dr/Research/CE/WindGenerated
Currents.pdf 

In red the wind vector, in blue the inertial current vectors
whose direction varies over time (Matlab script available
in the L3 course (see A. Doglioli’s web site).

As f =2Ω sinλ [rad.s−1
]  where  is the latitude, we obtain for Marseilles with a latitude

of about 43oN the approximate:

f ≃ 2
2p
24

sin( p
4
) ≃ 2p

17
[rad.h−1

]

i.e., a period of T ≃ 17 [ h]  
NB: To calculate this value more precisely, use the length of a sidereal day of 23 h 56 min 4 s
and the exact latitude of Marseilles of 43° instead of 45° (p/4 was used in the above equation)
(this yields a more precise value for T of 17h33').

For a period of T=16h (have fun checking which latitude this corresponds to) the calculations
become very simple and through substitution in the u and vequations we obtain

v⃗ t=0≡(0,−0.5)V o ,   v⃗ t=4h≡(−0.5 ,0)V o ,   v⃗ t=8h≡(0,+ 0.5)V o and
v⃗ t=12h≡(+ 0.5,0)V o

Measurements  carried  out  using  a  coastal   radar  by  some  colleagues   from  the  MIO (formerly
LSSETLaboratoire des Sondages Électromagnétiques) at Toulon have corroborated this analytical
model.

Note: these radar systems are currently installed at the Toulon and Nice coasts.
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By integrating again with u =
dx
dt

and  v =
dy
dt

we obtain the trajectory:

x = xo+
V o

f
sin ( ft+ ϕ)

y = yo−
V o

f
cos( ft+ ϕ)

(x− xo)
2+ ( y− yo)

2 = ( V o

f )
2

This   last   set  of  equations  shows that   the  trajectory of  a fluid particle  “trapped”  in an  inertial
oscillation is indeed a circle centred at (xo,yo) with radius |Vo|/f.  

Since the Coriolis force acts to the right of any movement in the Northern Hemisphere, the particle
travels the circle in a clockwise direction. This is reversed in the Southern Hemisphere.

The time it takes a particle to complete one full circle is the time T which depends only on the
inertial frequency f.

As the Coriolis force is zero at the equator, there are no inertial motions at those low latitudes.

In this circular movement, the centrifugal force is compensated by the Coriolis force (remember
TD1 Course on Oceanic Dynamics; Doglioli and Petrenko):

mω
2 r=m(

u2

r
)=mfu

f =
u
r

Therefore T=
2p
f
=

2 p r
u

At any given latitude, there is a fixed relationship between the
velocity at which a fluid particle travels along the inertial circle
and the radius of the circle. The larger the absolute value of the
velocity (which depends on the forcing) the greater the radius.
However,   the   period   of   rotation   (inertial   period)   does   not
change. 

It is difficult to observe perfect circles in nature as friction is always present, but they are often
observed with Lagrangian floats as circular trajectories that gradually vanish with time. The figure
below shows the Lagrangian floats released during the Ecolophy 2005 campaign (MIO/Ifremer)

Inertial currents are generated by local variations in atmospheric forcing. They are most
commonly observed during periods of vertical stratification which creates a two-layered
water column. The inertial current in the lower layer is then offset by half an inertial period
(phase shift of p).
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Theory
(taken from Millot and Crepon, 1981, Inertial oscillations on the Continental Shelf of the Gulf
of Lions – Observations and Theory, JPO vol 11, 5)

See Section 6 (Carton 2005) of this course for the shallow water (SW) equations in a multi-
layered system (Figure 2a below). Here, we will only consider 2 layers. 
See Section 2.8 (SW equations) for the notation used in the equation of conservation of mass.

Given the spatio-temporal scales of the process, we can assume that both f and the total depth
H = h1 + h2 are constant.

Thompson and O'Brien (1973) showed that the stress at the interface ( τl ) is about one
order of magnitude smaller than τb and τ . Hence any coupling between the two layers is
due to pressure forces. The bottom stress is considered proportional to the flow velocity:

τb=ρ2h2ν u2

where ν is an attenuation coefficients ([ t−1 ]).

How to resolve the problem

The study is carried out along a rectilinear dimension x = 0 (using the typical orientation of
the coordinate axes with x being positive towards the east and y positive towards the north)
with a transient wind (i.e., VARIABLE). We assume that the solution will be independent of y
(the derivative with respect to y is zero).
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By performing  a  Laplace  transform of  the  elevation  (see  Section  4.3  for  a  summary  of
Laplace and the Laplace transform method) with respect to time, the velocities and stress
tensor become:

Based  on  the  SW equations  (4.1)  and  (4.3),  we  can  determine  Ui  from  Zi.  If  we  then
substitute Ui in the derivatives of equation of conservation of mass (4.2 et 4.4) we obtain:

Then:

1) Simplification – Case where the attenuation coefficient,  ν , is zero (= no bottom
stress)

This scenario has been studied many times (see O'Brien et al, 1977).

The Eigenvalue solutions for αi are as follows:

α1
2
=

p2
+ f 2

c1
2  and α2

2
=

p2
+ f 2

c2
2

with c1=( gH )
1/2 the long barotropic wave velocity

et c2=(
g ϵh1 h2

H
)

1/2

the long baroclinic wave velocity

with r i the associated deformation radii r i=
c i

f

Generally, we have c1≫ c2 (e.g., in the Gulf of Lion,
c2

c1

≈2.10−2 ) and r 1≫r 2

We typically distinguish between two cases:
1a – case where the wind blows perpendicular to the coast
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1b – case where the wind blows parallel to the coast

For case 1a we have τ=τ0 Y ( t) x with Y (t)=1 for t⩾0 and Y (t )=0 for t<0

We find an upwelling near the coast in the elevation term (see the paper for more details) and
obtain the following velocities for the two-layer system when 0< x< r2⩽r1∧ ft>2 :

For the case 1b we have τ=τ0 Y ( t) y with Y (t)=1 for t⩾0 and Y (t )=0 for t<0

We  again  find  an  upwelling  near  the  coast  in  the  elevation  term  and  when
0< x< r2⩽r1 and ft>2 we find the following velocities for the two layers:

There is thus a coastal jet flowing in the y-direction.
We  should  also  note  that  this  case  is  more  complex  than  the  previous  one  with

u1=A+ B et u2=
−h1

h2

B
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2) Case where the attenuation coefficient, ν , is non-zero; here, the solution is more
complicated (see Appendix of the paper by Millot and Crepon, 1981, Inertial oscillations on
the Continental Shelf of the Gulf of Lions – Observations and Theory, JPO vol 11, 5.)

Example observations 

Phase shift of p below the thermocline visible in the vertical profiles.

Fig. - Horizontal currents during MOOGLI 2 at A) 16 m and C) 72 m along transect TR1, and
B) 16 m and D) 72 m along transect TR2. The boxes isolate the zones with inertial currents.
At 16 m, they are labelled (I1, I2, and I3) in the chronological order currents were measured.
Isobaths 100 m, 1000 m, and 2000 m are shown. (Fig 9 taken from  Petrenko A. (2003),
Circulation  features  in  the Gulf  of  Lions,  NW Mediterranean Sea;  importance of  inertial
currents. Oceanol. Acta, 26, 323-338)

and associated text:
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“The presence of inertial currents can also be verified on the spatial maps of TR1 and TR2
currents. For example, surface inertial currents are oriented southwestward at the end of
TR1 (I2) and northward in the center of TR2 (I3), about 10 hours after (Figure 9 and Table
1). A full rotation of 360 degrees representing 17.5 hours, it is expected that the inertial
currents rotate by 126 degrees (taking into account the geostrophic component of the NC)
clockwise in 10 hours. The observed clockwise rotation is ~ 120 degrees, in nearly perfect
agreement with the one calculated. The inertial currents compared are separated by 50 to
75 km. This shows that our horizontal coherence assumption was acceptable. No coherence
is found between I1 and I2, nor between I1 and I3.” 

Detecting intrusions
When the local currents already exist before a sudden wind event, they can continue to
exist once the wind event occurs, resulting in a simple superposition of the two types of
flow. For example, the Northern Current (in the Gulf of Lion) is considered a superposition
of quasi-geostrophic and inertial currents.

Here are several possibilities to filter out inertial currents in order to study any pre-existing
currents.

a) Modelling
In the output from numerical simulations the currents can be very well  defined. In the
above  example,  the  currents  are  shown  over  an  inertial  period  (Figure).  The  inertial
currents are mainly visible to the south and east of the plateau. The part of the current that
is on top of the plateau also tends to turn clockwise but slightly out of phase with the
offshore inertial current (phase shift or merely a slight difference in period?).

To get around this problem, if we ant to “remove” any influence from inertial currents, it
should suffice to simply average any simulated velocities over the inertial period, or over a
period close to the inertial period (e.g., daily, although this runs the risk of aliasing).

From Petrenko A., Y. Leredde, and P. Marsaleix (2005), Circulation in a stratified and wind-
forced Gulf of Lions, NW Mediterranean Sea: in-situ and modeling data. Continental Shelf
Res., 25, 5-27, doi:10.1016/j.csr.2004.09.004 

“A strong inertial oscillation, with maximum amplitude of 60 cm/s, is clearly observed at the
western side of the gulf due to the absence of the NC there. The model also exhibits  this
oscillation,  and  provides  its  temporal  variations.  The  analysis,  closely  coupling  in  situ
measurements and model  results,  provides information that would not have been obtained
using either data separately.”
(see full article for further details)
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Fig. -  Model  run for  the  coast  off  Marseilles  using  MARS 3D –  Rhoma (courtesy  F.
Desbiolles, student of I. Pairaud and A. Petrenko, 2010)

b) In situ current measurements

From Petrenko, A.A.  (2003), Circulation features in the Gulf of Lions, NW Mediterranean
Sea; importance of inertial currents, Oceanol. Acta, 26, pp. 323–338.

“The summer stratification allows the development, after strong wind variations, of inertial
currents with their characteristic 2-layer baroclinic structure. In the surface layer, the speed of
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the inertial oscillation can locally be as high as 200 % the NC speed. Otherwise the inertial
current is  about  2/3 the NC. Horizontal  spatial  coherence of inertial  currents is  found on
scales up to 50 - 75 km. The contribution of these inertial currents to the measured circulation
can not be neglected but is hard to estimate without the detailed and local analysis done in
this article. The situation is different with time series data sets where high frequency motions
such as inertial currents are classically filtered out. Spatial interpolation technique [Candela
et  al.,  1992]  was  tried  unsuccessfully  on  the  MOOGLI  1  ADCP data  to  isolate  inertial
currents (Durrieu de Madron, pers. comm.). The retrieval of the inertial component from the
circulation is one of the main problems that oceanographers and modelers, working on the
circulation in the Gulf of Lions and elsewhere, are presently dealing with.”

Depending on the type of available observational data, several methods can be used:

1 Plotting u+iv
2 Phase unwrapping
2 Overlaying the current with a sinusoid
3 Band-pass filtering

1) Plotting u+iv - With u and v being the easterly and northerly current velocity 
components, we can create a plot of plot u+iv. If the curve turns around 0 during one 
inertial period, we are dealing with an inertial current. If the curve turns around a point (uo, 
vo) in an inertial period, then we are dealing with and inertial current superimposed on a 
fixed current of magnitude (uo, vo).

Fig Inertial circles observed by a current
meter in the main thermocline of the Atlantic 
Ocean at a depth of 500 m; 28°N, 54°W. Five 
inertial periods are shown. The inertial period at 
this latitude is 25.6 h. (Courtesy Carl Wunsch,
MIT, via J. Marshall and A. Plumb “Atmosphere, 
Ocean and Climate Dynamics”, Elsevier book, 
2008, Fig 6.16).

2) Phase unwrapping
(Chereskin, JGR, 1989)

“The summer stratification allows the development, after strong wind variations, of inertial
currents with their characteristic two-layer baroclinic structure. In the top layer, the speed 
of the inertial oscillation can locally be as high as 200% the NC speed. Otherwise in the 
surface layer, inertial current is about 2/3 the NC. Horizontal spatial coherence
of inertial currents is found on scales up to 50–75 km.”  taken form Petrenko (2003).
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Fig. - Phase unwrapping of the horizontal current shear (16 m - 72 m) during June 13-19, 
1998 (Moogli 2 cruise). The negative slope corresponding to the Coriolis factor is shown. 
Transects TR1, TR2, and GI were done during the periods indicated by the dotted vertical 
lines.  (Fig. 8 from Petrenko A. (2003), Circulation features in the Gulf of Lions, NW 
Mediterranean Sea; importance of inertial currents. Oceanol. Acta, 26, 323-338)

3) Overlaying the current with a sinusoid
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Time series of A) the eastward and B) northward current components, at 16 m depth, along 
transects TR1 and TR2 of MOOGLI 2. Superimposed is a sinusoidal curve of inertial period, 
shifted by + p/2 in A) compared to B). The horizontal blue line shows the means of the two 
components: A) -0.10 m/s; and B) 0 m/s. (Fig 12 from Petrenko A. (2003), Circulation 
features in the Gulf of Lions, NW Mediterranean Sea; importance of inertial currents. 
Oceanol. Acta, 26, 323-338).

and associated text:
“The mean current of the eastward component is around -10 cm/s, corresponding to the
average westward speed of the NC. The mean component of the northward component is
zero. The amplitude of the sinusoidal curve, corresponding to the inertial current, is about
20 cm/s. Hence, at that depth (16 m), the speed of the inertial oscillation can be locally as
high as 200% the NC speed. Otherwise, the average speed of the NC in its core is about 30
cm/s;  so the inertial  current is  about 2/3 the NC. It  is  important  to  remember that  the
thickness of the top layer of the inertial oscillation is about 30 m while the NC extends
over 200 m; hence, the inertial oscillation energy is much smaller than the NC energy.”
 

 
Time series of the ADCP current differences between two depths, in m/s A) u(12 m)–u(48 m), 
u being the west–east (+ east) component of the horizontal current and B) v(12 m)–v(48 m), v 
being the south–north (+ north) component during Sarhygol 2, April 2000. A sinusoid at the 
Coriolis frequency, representing the inertial oscillation is added to A and shifted by π/2 in B. 
(from Petrenko A., C. Dufau and C. Estournel (2008), Barotropic eastward currents in the 
western Gulf of Lion, north-western Mediterranean Sea, during stratified conditions. J. 
Marine Syst., doi:10.1016/j.jmarsys.2008.03.004, Fig 2)
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3 Band-pass filtering 
papier à venir
D. Allain, 2014, Numerical filtering of geophysical data : methods and application on 
ocean inertial waves.

 

For  more  details  contact  D.  Allain  (SHOM-founded CNRS research  engineer  working
within the ECOLA team, damien.allain@legos.obs-mip.fr)
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4) Rotary spectra
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Rotary spectra versus frequency (bottom x-axis) for A) 65 m, B) 150 m currents measured at
SOFI during April to June 1998. The black (grey) line is the clockwise (counter-clockwise)
component of the spectra. Note that, at the inertial frequency (indicated by the vertical line),
the  clockwise  component  is  much  higher  than  the  counter-clockwise  component.  (Fig  11
extraite de Petrenko A. (2003), Circulation features in the Gulf of Lions, NW Mediterranean
Sea; importance of inertial currents. Oceanol. Acta, 26, 323-338).

5) Wavelet analysis

Fig – Wavelet analysis of a velocity time series acquired during the Latex campaign (from the
mooring in  the canyon) between August  2009 and August  2010 (Courtesy F.  Nencioli)  –
spectral analysis tool from Torrence and Compo, 1998.

57

XpertScientific Scienticic Editing & Consulting, 15/12/20
These items do not appear on your original list which ended with Band-pass filtering (see above). Consider adding them. 



OPB306 and OPB309 Master of Marine Sciences Specialisation OPB

2.11 Omega Equation for estimating vertical velocities (lecture by A.Petrenko)

A INSERER
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3. Coastal eddies

Fundamentals
The potential flow simultaneously satisfies the following relations

∇× v⃗=0 and ∇⋅⃗v=0

i.e., the velocity field is irrotational and incompressible. 

If the velocity  fields are irrotational  (or conservative),  given that  by definition ∇×∇ =0 ,

there must exist a scalar velocity potential  whose velocity field (also termed potential flow) is 

v=∇ . (3.1)

If  the velocity  field is  solenoidal  (or incompressible),  given that  by definition ∇⋅∇×=0 ,

there must exist a vector velocity potential  whose velocity field (potential flow) is

v=∇× . (3.2)

If  the  flow  is  planar  (2D horizontal),  we  have ≡0,0 ,  and  the  scalar  velocity  potential

≡ x , y is a function of the flow.
These potential flows are equivalent to electrostatic problems in a vacuum. They will occur whenever
we can neglect any viscous effects.

Examples

Uniform parallel flow

v
x
=U v

y
=0

Using Eqs. (3.1) and (3.2) we obtain

v
x
=∂

x
=∂

y
 and v

y
=∂

y
=−∂

x


which yields

=U x and =U y

60



OPB306 and OPB309 Master of Marine Sciences Specialisation OPB
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=
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2  r

The superposition of simple flows above allows us to introduce potential flows that are a little more
complex.

Uniform flow + Source

Uniform flow + Dipole
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In these types of flow there are so-called stagnation points where the flow velocity is zero. The curve
representing the flow, the streamline, contains the stagnation point(s) and divides the domain into two
regions in which the fluid is driven by two basic flows. One could replace such a dividing streamline
by a solid obstacle without modifying the main flow. 
In  3D one  speaks  of  a  “Rankine  half-body”  named  after  the  researcher  who has  developed  this
technique while studying the design of boats.

http://web.mit.edu/fluids-
modules/www/potential_flows/LecturesHTML/lec1011/

https://en.wikipedia.org/wiki/Macquorn_Rankine

Laminar boundary layer

Far  from the body and as  long as  the  incoming flow is  not  turbulent  the  viscosity  terms  in  the
equation of motion (Navier -Stokes equation) 

d u

d t
=−

1 

∇ pg∇ 2 

u

are negligible and the flow basically has the same profile as a perfect fluid.
The  connection  between  the  perfect/ideal  fluid  solution  and  the  zero-velocity  (so-called  no-slip)
condition on the surface of a solid body occurs in the so-called boundary layer, the thickness of which

decreases  as  the  Reynolds  number  Re=U L
ν

increases.  In  this  region,  both  the  viscosity  and

advection terms must be taken into account. The idea of a boundary layer links two otherwise separate
domains of fluid mechanics: the potential flows of perfect/ideal fluids and the experimental study of
viscous flows.
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Generation of relative vorticity
Relative vorticity is the vertical component of the velocity curl

 = k ∇×V  =
∂ v
∂ x

−
∂u
∂ y

Relative  vorticity  describes  the  tendency of  a  fluid  to   turn/rotate.  The sign of  can be
illustrated using the following schematics:

It is termed “relative” vorticity because it is measured with respect to the Earth’s rotation. It is
generated by the noslip condition on a solid object. Let us compare the viscous and non-viscous
cases:

u⃗=(U , 0,0) with U=const ⇒
∂u
∂ y

=0 u⃗=(U , 0,0) with U≡U ( y) ⇒
∂u
∂ y

≠0

It  is  thus  in  the  boundary  layer  where  relative
vorticity is being created.

If  we  plot  the  isolines  we  can  show  how  the
vorticity is concentrated in the boundary layer

Turbulent boundary layer

Until now, whenever we spoke of viscosity we meant the molecular viscosity and all boundary layers
were laminar. Prandtl has adapted the idea of a boundary layer to the case of turbulence.
In the laminar  scenario,  the transport  of momentum is due to molecular viscosity  and we have a
diffusive  transport.  If  the  advective  transport  of  momentum  becomes  more  important  than  the
diffusive  transport  we are  in  a  turbulent  flow and the velocity  profiles  change considerably.  The
Reynolds experiment clearly showed this for the case of a cylindrical tube: in the laminar case the
Poiseuille velocity profile is parabolic while in the turbulent case it is flatter.

In both cases there is a boundary layer. In the turbulent case this layer is also turbulent and is the
place where vorticity is being generated.
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Different flow regimes

Depending on the flow velocity  and geometry,  the  transport  of  momentum can be dominated  by
diffusive  or  advective  phenomena.  The  relative  importance  of  these  terms  is  expressed  as  the
Reynolds number which can also be interpreted as the ratio between the characteristic time scales of
momentum diffusion and momentum advection.
The following experiment can be used to visualize the different flow regimes: a cylinder of diameter
D is placed parallel  to the  z-axis  in a flow of velocity  U flowing along the  x-axis.  In the  actual
laboratory setup, the fluid is typically at rest and the cylinder is being moved through the fluid at a
velocity  U. Small particles are often added to the fluid, illuminated by a sheet of light arriving at a
right  angle  to  visualize  the  streamlines.  Depending  on  the  magnitude  of  Re we  can  distinguish
different regimes.

For  R e≪1 the  flow  velocity  is  small  (or  the
liquid  very  viscous  -  this  scenario  does  not  really
interest us in oceanography), the flow is laminar and
perfectly  symmetrical  between  the  up-  and
downstream  sides  of  the  cylinder.  We  have  a
situation very similar to the solution to the Rankine
half-body problem.

For R e≃1 we  start  to  observe  two  counter-
rotating  eddies  downstream  from  the  cylinder
(recirculating  flow).  The  size  of  the  recirculation
zone increases with increasing Re.

Re = 1.54

Re = 13.1

Re = 26

For R e≃50 the flow is no longer stationary and
the  flow  velocity  becomes  time  dependent:  small
vortices  are  constantly  being  shed  from  the
downstream side of the cylinder and form two lines
of eddies called the “von Karman vortex street”. The
shedding frequency is characterised by the Strouhal
number

Sr= f
D
u

with f  being the frequency of vortex shedding.
Physically,  it  represents  the  ratio  between  the
advection time scale and characteristic time scale of
non-stationarity. If Sr << 1, the flow is called quasi-
stationary. Dans ce cas est constant et de l'ordre de
1 .

http://www.media.mit.edu/physics/pedagogy/nmm/st
udent/95/aries/mas864/obstacles.html

Re = 105

Re = 150

For R e≫1 there  is  a  superposition  of  these  larger  coherent  structures  and  the  incoherent
motions. The spatial scales become smaller the larger Re. In practice, their minimum size decreases
with 1/ R e .
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The von Karman vortex street can be observed up to
very high Reynolds numbers in both oceanographic
and atmospheric flows in the lee of islands or other
large-sized obstacles.

The image on the right shows a von Karman vortex
street  observed  in  the  atmosphere  off  the  Chilean
coast near Juan Fernandez island. 

Flow separation

What happens to vorticity once it has been generated?

The  vorticity  generated  near  a  wall  is  carried
along by the flow into the downstream wake of
the  obstacle.  In  the  case  of  a  wing-shaped
obstacle placed in a uniform flow, there is only a
very small wake downstream.

If you place a less streamlined body in the flow
the flow changes more significantly.  Re changes
because L changes.
If we use a cylinder, for instance, the boundary
layer  only  exists  on  the  upstream  side  of  the
cylinder while on the downstream side there is a
turbulent wake, the size of which is comparable
to the cylinder itself.

This  phenomenon  is  called  flow  separation  (or  boundary  layer  separation).  In  this  scenario  the
downstream flow is far from a perfect fluid and the energy dissipation and drag force on the body are
both considerably increased.

Below are  two examples  of  flow separation  in  the  wake  of  an  air  plane  wing.  What  causes  the
Reynolds number to vary?
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Integrating the relative vorticity equation in the vertical dimension

The formation and evolution of vortices downstream of headlands can be explained more “simply” in
terms of the production, advection, and dissipation of vorticity.
To describe  the  phenomena  that  interest  us,  the  simplest  equations  to  use  are  the  shallow water
equations as they still contain all the relevant physics while allowing for certain simplifications.
For a homogeneous fluid and using the hydrostatic approximation,  the momentum and continuity
equations can be written as [Signell and Geyer, 91]:

∂tuu⋅∇uf k×u =−g∇−
c Du∣u∣

h
∇⋅A H ∇u (A)

∂t ∇⋅ [uh]=0 (B)

The vertically averaged vorticity can be obtained from the curl of Eq. (A). We will now analyse each
term of the equation. The first term becomes

∇×∂tu=∂t∇×u=∂t


The second term is

∇×u⋅∇ u  = ∇××u  =

= u⋅∇−⋅∇ u∇⋅u u ∇⋅ =

= u⋅∇−⋅∇ u−


H
∂t u⋅∇ H 

where u ∇⋅ is  zero as it  is  the divergence of the velocity  curl  and we have substituted the
velocity divergence from (B) and H=h .

The Coriolis term can be written as

∇×f k×u =f [k ∇⋅u −u ∇⋅k k⋅∇ u−u⋅∇ k ]= f k ∇⋅u =−
f
H

k ∂t u⋅∇ H 

The gravity term is zero as it is the curl of a gradient

∇×g∇=0

The bottom friction term can for now be written as

∇×
cDu∣u∣

h

and finally the viscous term, assuming a constant eddy viscosity, becomes

∇×A H ∇
2
u = A H ∇

2
∇×u  = AH ∇

2

In 2D, the vorticity =k ∂ x v−∂ y u is a vector where only the vertical component is non-zero,
we can write the equation for this component 

∂tu⋅∇=
f

H
[∂t u⋅∇ H ]−[∇×C Du∣u∣

H ]⋅kA H ∇
2


The left-hand-side describes the rate of change of the vorticity and its advection, i.e., the change in
vorticity while following a fluid parcel of constant mass.
The right-hand-side represents the processes that cause these changes:
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i) the first term is the production of vorticity due to compression (or stretching) and planetary
vorticity;
ii) the second term is the production of vorticity due to bottom friction.
iii) the third term is the diffusion of vorticity due to turbulence.

Due to the shallow depth of coastal areas, the second term can be very important. If we expand this
term we obtain three more terms:

[∇×CDu∣u∣

H ]⋅k =
cD∣u∣

H2 [u×∇ H ]⋅k −
c D u×∇∣u∣

H


cD∣u∣
H

a) slope torque:  the production of vorticity
when there is a velocity component perpendicular
to the bathymetry gradient. Physically, this means
that  the water closer  to the coast  experiences  a
higher  (vertically  integrated)  amount  of friction
than the water offshore.

b) velocity  torque:  vorticity  is  produced
when there is a velocity component perpendicular
to the velocity gradient itself. This phenomenon
is linked to the fact that friction obeys a quadratic
law. A faster flow is much more delayed than a
slightly slower flow.

c) dissipation of vorticity due to friction. The time scale of this phenomenon is =
H

c D∣u∣

Near a cape or headland there are several mechanisms that can lead to the production of vorticity.

The  shallow  depth  and  strong  bathymetric
gradients can invoke both mechanisms a) and b)
from above. Indeed, flow that follows an isobath
undergoes strong bathymetric gradients, but also
strong  gradients  in  velocity  of  the  component
perpendicular to the main flow direction.
A  third  source  for  vorticity  is  the  no-slip
condition at the coast.

Near a cape, we therefore find high amounts of vorticity although this does not necessarily mean that
we observe any vortices. For vortices to form, the vorticity must be transported away from the fluid’s
boundary layer, i.e., offshore. If the flow remains parallel to the coast, vortices can only form if there
is flow separation; it is therefore necessary to study the conditions required for separation to occur.

Flow separation near a cape

By adopting a suitably oriented coordinate system, the derivatives along the coordinate axis parallel
to the coast, x1, are much smaller than those in the direction perpendicular to the coast x2.
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The equations for the parallel component and for continuity can be written as:

∂t u1u1

∂u1

∂ x1

u2

∂u1

∂ x2

=−g
∂

∂ x1

−
cD U ou1

h
AH

∂
2u1

∂ x2
2 (C)

∂x1
u1 h∂ x2

u2 h=0 (D)

where U o is the flow velocity far from the cape (in particular for tidal currents). Without bottom
friction and topography, these equations are equivalent to the Prandtl equations for the boundary layer
of a 2D flow.

We first consider the case of a stationary flow without bottom friction.

Outside the boundary layer the flow accelerates
as it approaches the tip of the cape. It then starts
to slow down as soon as the tip has been passed.

According  to  Bernoulli’s  law  this  generates  a
local  pressure  minimum at  the  tip  of  the  cape.
Along  the  edge  of  the  boundary  layer  there  is
thus a favourable pressure gradient (in the sense
that  P decreases  in  the  direction  of  the  flow)
upstream and an adverse gradient downstream.

Upstream,  the  favourable  pressure  gradient  maintains  the  flow  direction  in  the  boundary  layer
because it compensates for the loss of momentum in the boundary layer.

Downstream,  the  adverse  pressure  gradient
retards the boundary layer flow and decreases its
momentum.
If  the  amount  of  advection  of  upstream
momentum is insufficient,   the main flow starts
to  veer  off.  For  reasons  of  continuity,  this
deceleration  of  the  boundary  layer  flow that  is
parallel  to the coast  must  be accompanied by a
flow  away  from  the  coast  (and  out  of  the
boundary layer).

The point along the edge of the layer boundary where the flow parallel to the coast becomes zero is
called the separation point. Here, the streamline at the edge of the boundary layer veers away from the
coast towards the interior of the main flow.
The distance between the point  of  minimum pressure  and the point  of  separation depends on the
momentum flux and the strength of the unfavourable pressure gradient (and thus the flow).

For a viscous fluid without bottom friction the advection terms are all very small near the boundary
layer and the balance of momentum (Eq. C) is made between the pressure gradient and the diffusion
terms

g
∂

∂ x1

=AH

∂
2 u1

∂ x2
2 (C')

An adverse pressure gradient only requires that the flow has a negative curvature near the boundary

68



OPB306 and OPB309 Master of Marine Sciences Specialisation OPB

layer and, as a result, that the velocity profile parallel to the coast has an inflection point.
Physically, this means that there won’t be any separation if the momentum flux is sufficiently strong
to compensate the adverse pressure gradient.

However, in coastal flows bottom friction is very
important  and the velocity  maximum no longer
coincides with the pressure minimum because the
pressure  gradient  needs  to  balance  not  only
advection but also friction.

The  pressure  minimum  therefore  moves
downstream from the velocity maximum.

A momentum balance is thus created between the pressure gradient and the pressure term:

g
∂

∂ x1

=−
cD U o u1

h
(C'')

Note that now the adverse pressure gradient requires that u1 have an opposite sign: thus, if the gradient
is  ever  reversed  then  there  is  an  immediate  separation  because  u1  changes  sign.  The  separation
problem therefore is linked to the inversion of the pressure gradient. 

Using an analytical model, Signel and Geyer (1991) demonstrated that (in the absence of any tides)
there is an inversion of the pressure gradient when the advection term dominates over friction.

For  a  cape/headland  of  shape  a/b,  the  importance  of  the  advection  terms  is  measured  by  the
equivalent flow Reynolds number:

R e f=
H

C D a

In a similar fashion to the Reynolds number, we observe different flow regimes downstream of a cape
based on the variation of Ref [Doglioli et al, 2004 and presentation below].
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3.5 Example : circulation around the Portofino peninsula

70



OPB306 and OPB309 Master of Marine Sciences Specialisation OPB

71



OPB306 and OPB309 Master of Marine Sciences Specialisation OPB

72



OPB306 and OPB309 Master of Marine Sciences Specialisation OPB

3.6 Example : eddies in the western Gulf of Lion
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3.7 Example : circulation around the Hawai’ian islands
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Add here a few slides on Marquises 
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4. Isolated eddies

Definition (Carton, 2005)

Recirculations  can  be  seen  at  virtually  any  scale  in  the  ocean,  from  large  ocean  gyres  (L =
O(5000km)) to small scale turbulence (L = O(1km)). Between these two extremes we have so-called
mesoscale eddies (L = O(100km)) which are particularly interesting:  although present  in different
forms and produced by different mechanisms, they are highly energetic and persist for a long time.
They often travel great distances and play a very important role in ocean dynamics which is why we
study them. 

Apart from a long lifespan, oceanic eddies are characterised by an intense and closed flow that is
typically blocked in the horizontal plane by planetary rotation and stratification. Often they have an
almost circular shape with radii of 20 to 200 km and a relative vorticity that can reach a considerable
fraction of the planetary vorticity.

The characteristic recirculation times at the radius of maximal velocity are of the order of a few days.
Beyond this radius, the tangential velocities decrease rapidly as a function of distance from the centre.
Except  in  their  areas  of  formation,  mesoscale  eddies  typically  are  isolated  structures  with  large
distances in-between them so they do not typically interact with other eddies for long periods of time.
However, if such an interaction does occur, the result can be highly destructive. Mesoscale eddies can
also disappear  rather quickly whenever  they interact  with strong currents  or when they encounter
strong topographic  gradients.  Dispersion,  dissipation,  and heat  exchange  with the  atmosphere  are
processes that generally lead to a more gradual destruction of the eddies.

Ocean eddies can trap characteristic water masses at their core for long periods of time. In fact, they
are often the end product of local instabilities and trap bodies of water from their region of origin.
This water is then transported by the eddies across the ocean with only little mixing occurring at the
eddy’s outer perimeter.   

In areas of eddy formation, fine filaments or small-scale convective movements (in the case of static
instabilities)  can also contribute to energy transfers  and local  mixing processes.  Vortices can also
affect local thermodynamics by promoting the propagation of inertial waves and the penetration of
atmospheric fluxes or the subduction of water from the mixing layer under large-scale fronts.  

6.1 Equations describing the dynamics of isolated eddies

The  ocean  can  be  approximated  as  a
succession  of  homogeneous  layers
(isopycnal  model).  In  general,  the
thickness  of  each  layer  varies  from
some  10m  to  100-200m,  while
horizontal mesoscale motions occur on
scales ranging from tens to hundreds of
kilometres.  This  large  difference  in
scales  allows  us  to  employ  the
Boussinesq  approximation,  the
hydrostatic  approximation,  and  the
shallow water equations.
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where u j , v j , p j , h j , j ,F j , represent, respectively, the horizontal velocity components, pressure,
the layer thickness, density, and the volume forces in the jth layer (where j varies from 1 at the surface
to N at the seabed). 
f is the Coriolis parameter on a horizontal plane  , f = f o y .
The local layer thickness is h j = H j   j−1/2 −  j1/2 with H j the thickness of the layer

at rest and  j1/2 the interface between layers j and j+1 due to local movement. In the vertical, one

often  applies  a  rigid-lid  approximation  at  the  surface,  i.e., 1 /2 = 0 ,  while  the  bottom

topography is described by  N1 /2 =  Bx , y .
Finally, the hydrostatic balance is

Oceanic eddies can be considered circular and the dynamic equations can be reformulated in polar
coordinates (omitting the index j):

In the absence of any forcing and dissipation (F = 0), a circular eddy is an invariant solution to these
equation  on  the  f-plane  = 0 .  Hence,  if ∂t = 0,vr = 0,∂ = 0 then  then  last  two
equations disappear and the first equation reduces to

This equation is called the gradient wind balance (Cushman-Roisin, 1994). It describes the balanced
state  between centrifugal  forces  created  by the eddy’s  rotation,  the  Coriolis  force,  and the radial
pressure gradient. Whenever the centrifugal force is negligible (i.e., the rotation is weak) the balance
simply becomes the geostrophic balance.
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Satellite-derived altimetry

add slides from Jerome here

4.2 Vorticity

Relative vorticity

It is defined as the vertical component of the velocity curl

 = k ∇×V  =
∂ v
∂ x

−
∂u
∂ y

The   relative   vorticity   denotes   the   tendency   of   a   fluid   to   rotate.   The   sign  of  can   be
illustrated using the schematic below:

It is termed “relative” vorticity as it is measured relative to the Earth’s rotation.

Planetary vorticity

The vorticity of a solid body in rotation equals twice its angular velocity. At a latitude  the
angular velocity is  sin which yields a vorticity of 

2 sin = f

A water column at rest on a rotating Earth therefore possesses a socalled “planetary” vorticity
f.  The planetary vorticity corresponds to the Coriolis parameter under the socalled “quasi
geostrophic” approximation (see TD4).

Absolute vorticity

We take the momentum equations  for  the horizontal  components  which we assume to be
invariant on the vertical. By neglecting viscosity and friction (i.e., by positioning ourselves
outside the Ekman and boundary layers along western coastlines):
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∂u
∂ t

u
∂ u
∂ x

v
∂u
∂ y

− fv = −
1
o

∂ p
∂ x

∂v
∂ t

u
∂ v
∂ x

v
∂v
∂ y

 fu = −
1
o

∂ p
∂ y

Cross differentiation and subtraction ∂x 2−∂ y 1

∂

∂ y
∂ u
∂ t


∂u
∂ y
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∂ x
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∂

2 u
∂ y ∂ x
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∂
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∂
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∂ f
∂ x

u f
∂u
∂ x

= −
1
o

∂
2 p

∂ x∂ y

yields a single equation (remembering that d f
d t

=
∂ f
∂ t

u
∂ f
∂ x

v
∂ f
∂ y )

∂
∂ t  ∂v

∂ x
−
∂u
∂ y  

∂ u
∂ x ∂ v

∂ x
−
∂ u
∂ y   u ∂

∂ x ∂ v
∂ x

−
∂ u
∂ y  

∂ v
∂ y ∂ v

∂ x
−
∂ u
∂ y   v ∂

∂ y ∂ v
∂ x

−
∂u
∂ y  

d f
d t

f ∂ u
∂ x


∂ v
∂ y =0

which can be written as

∂

∂ t
 

∂u
∂ x

  u
∂

∂ x


∂ v
∂ y

  v
∂

∂ y


d f
d t

 f  ∂u
∂ x


∂v
∂ y =0

Regrouping terms 1, 3, and 5 which represent the total derivative of relative vorticity and also
terms 2 and 4

d 

d t
  ∂u

∂ x

∂ v
∂ y  

d f
d t

 f  ∂u
∂ x


∂ v
∂ y =0

and finally

d  f 

d t
  f  ∂u

∂ x


∂v
∂ y  = 0

This equation states the principle of the conservation of absolute vorticity abs =  f 
for those flows for which friction can be neglected: the absolute value of absolute vorticity
increases   in   a   converging   flow ∇H u  0 and   decreases   in   a   diverging   flow
∇H u  0 .

Potential vorticity

Let us assume a layer of thickness D in which the density is homogeneous.
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The continuity equation becomes:
∂u
∂ x


∂ v
∂ y


∂w
∂ z

=0

and we can write:

∂w
∂ z

=
 d h1

d t
−

d h2

d t 
h1−h2

=
1
D

d D
d t

which  through substitution in the continuity 
equation  yields

1
D

d D
d t

= − ∂u
∂ x


∂ v
∂ y 

We can   then   replace   the  horizontal  divergence  in   the  conservation  equation   for   absolute
vorticity and obtain

d
dt  f

D  = 0

NB: We have used the quotient rule to find the derivative:
d
dt 

a

D =0   d a

d t
D−a

dD
dt  1

D 2=0 
d a

d t
1
D
− a

dD
dt

1

D2=0 
d  a

d t
− a

dD
dt

1
D
=0

If we compare the dimension of all four types of vorticity: relative, planetary, absolute, and
potential, we have

rel : [ LT−1

L ]=[T−1
]  pla : [T−1

] abs : [T−1
]  pot : [ T−1

L ]=[T−1 L−1
]

The odd one out is thus the potential vorticity.

NB: A more general formulation of potential vorticity also accounts
for effects of density, temperature, salinity and other environmental
parameters and the dimension depends on the type of parameters that
have been taken into account.

d
dt  abs⋅

∇

  = 0

Example: Intensification of stretched vortices
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If we place ourselves on the fplane

 D  = const

then,   a   column   of   water,   moving
between   two   surfaces   on   which 
must   be   conserved,   must   change   in
order to satisfy the laws of conservation
of  mass   and   angular  momentum.  The
greater the height of the water column
the greater its rotational velocity.

 D00

 D00

From Mattioli (1995) Principi Fisici di 
Oceanografia e Meteorologia, Fig.48.1

Potential vorticity anomaly

Considering  that  the  rotation  of  a  vortex  is  associated  with  a  displacement  of  the  isopycnals,  a
physical variable that combines both quantities and the Coriolis parameter would be most suitable for
characterizing the vortex dynamics. This variable is the potential vorticity (PV) which is conserved in
models based on shallow water equations without friction.

d j

dt
= 0  j =

 jf

h j

where  j is the relative vorticity and f  the planetary vorticity.
In reality,  the  vortex  dynamics  can be fully  characterized  by knowing the difference  in  potential
vorticity between the inside and outside of the vortex. In addition, the meridional variability of the
planetary vorticity is typically much weaker than the relative vorticity. We can therefore define the
PV-anomaly:

Q j =  j −  j
o
=

 j f o

h j

−
f o

H j

=
1
h j
 j−f o

  j

H j


with  j=h j−H j  the vertical variation in isopycnal surfaces inside the vortex. Remember that
the  PV-anomaly  itself  is  not  conserved  and  that  interactions  with  planetary  vorticity  can  have
significant consequences such as vortex drift.

Morrow et al
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4.3 Example: Meddies

Historically, the discovery of meddies is based on an error (see McDowell and Rossby's online article
http://www.gso.uri.edu/maritimes/Back_Issues/00%20Fall/Text%20(htm)/meddy.htm). First of all, in
1976, researchers discovered a huge whirlpool off the Bahamas that was very hot and very salty. This
led them to conclude that this eddy was of Mediterranean origin. This discovery provided the impetus
to start searching for similar structures. A systematic study was carried out between 1984 and 1986 in
the North-East and North-West Atlantic. Although some meddies were indeed discovered in the NE
Atlantic, none had the size of the by then famous "Bahamas Meddy". No meddy was detected in the
NW basin. The researchers honestly admitted their mistake, which forced them to seek an alternative
explanation for the origin of this eddy. The solution was found much later, in the 90s: the Bahamas
Meddy had originated from the North Atlantic Current, an extension of the Gulf Stream, after it had
turned northwards at the level of the Grand Banks of Newfoundland. From time to time, the waters
meander  and detach  from the main  current  to  become  anti-cyclonic  eddies  with  relatively  warm
(10.8°C observed) and salty (35.4 g/l observed) cores. The "double irony" of which the authors speak
is therefore based on the fact that it was the “false” Bahamas Meddy which led to the discovery of
real meddies, although their error led to the discovery that the North Atlantic Current can generate
vortices capable of moving over distances exceeding 4000 km along the North American continent.

In his 1985 paper, McWilliams provided the figure below and the following explanation:
For lack of more complete observations, we identify this water with the end-state of the convection
process; this would indicate a dilution of the outflow water with 1-2 times as much Atlantic water,
depending upon the depths at which the entrainment occurs. The relatively well mixed blobs then
undergo an adjustment process and acquire a geostrophic or cyclostrophical anticyclonic circulation
(process(2) in Figure 5) (see appendix, note 2). This protects the core water mass from straining and
diffusion by the general circulation as the latter advects Meddies into the interior of the Atlantic,
approximately along the •o = 27.6 potential density surface.
Cross sections of the locally anomalous salinity cores are shaded at processes (3) and (4) in Figure  5,
where the horizontal  scale  has been exaggerated by a factor  of  5 relative  to the abscissa.  These
particular Meddies are depictions of the observations of Arrni and Zenk [1984] for Meddy (3) and of
McDowell  and Rossby [1978] and McDowell  r1985a-I for Meddy (4).  From maps of the salinity
anomalies the approximate dimensions of Meddy (3) are L = 40 km and h = 300 km, while for Meddy
(4), L = 60 km and h = 200 km. Adjacent to the cross sections are values for the local maximum S,
maximum salinity anomaly relative to the local environment 5S, N for the environment at the depth of
the Meddy core, and latitude. In the migration away from Gibraltar, S and 5S systematically decrease,
consistent with weak diffusion en route. Between Meddies (3) and (4) there is also a change of core
volume and shape: the volume increases by about 50% (again a sign of diffusion), and the aspect
ratio h/L decreases from about 0.0075 to 0.0033. The latter might be an indication of anisotropic
diffusion  (horizontal  dominating  vertical),  but  it  may also  reflect  a  partial  compensation  for  the
changing N/f of the Meddy environment in such a way as to tend to preserve the B value for the SCV:
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N/f changes from 42 to 70, so that B only changes from 0.32 to 0.23 The lifetime of the Meddy at (4) is
more than 4 years by the previous estimate of the general circulation transport rate. Destruction of a
Meddy (process (5)) probably occurs when interactions with other currents fragment the core water
mass

Meddies are large, squat eddies that are located below
the surface and rotate clockwise.

http://www.gso.uri.edu/maritimes/Back_Issues/00%20
Fall/Text%20(htm)/meddy.htm 

Mediterranean waters swirl in the Atlantic
From http://www.mercator-ocean.fr/html/actualites/news/actu_meddies_fr.html 

Off Gibraltar, the Mediterranean and Atlantic waters meet. The Atlantic waters enter the 
Mediterranean at the surface while Mediterranean water, being more dense, flows out into the Atlantic
at the bottom of the strait, forming a Mediterranean water vein. Under certain conditions, this vein 
can give rise to eddies which will then propagate across the Atlantic. These are the so-called meddies 
or Mediterranean lenses. The high resolution Mercator model of the Atlantic is able to simulate such 
events.

Mean velocity (averaged over 3 years) at a 
depth of 870 m derived from the PAM model: 
the presence of Mediterranean water is marked 
by zones of higher velocities (appearing darker 
in the figure). The dotted lines show the main 
trajectories of the four main Mediterranean 
water veins. Credit: Yann Drillet et al., 2005 
(click to enlarge)

The Strait  of Gibraltar (250m deep, 15 to 20 km
across)  is  the  only  location  where  the
Mediterranean exchanges  water  with the outside.
The  warmer,  saltier,  and  denser  Mediterranean
water flows into the Atlantic at the bottom of the
strait at an average rate of around 0.57 Sv. In order
to restore the balance, Atlantic water (colder and
less salty) enters the Mediterranean at the surface.
As  the  Mediterranean  looses  more  water  due  to
evaporation than it receives from rain and riverine
inflows,  there  is  more  Atlantic  water  coming  in
than Mediterranean water going out. 

Upon  crossing  the  Gibraltar  Strait,  the  denser
Mediterranean  water  plunges  between  800  and
1200m into the Gulf  of  Cadiz  where  total  water
depths  reach  4000  to  5000m.  The  main  outflow
turns northward and continues to flow up along the
Portuguese coast and into the Bay of Biscay where
it flows along the continental slope and continues
its way to the coast of Ireland at around 50°N.

Another branch of the Mediterranean water flows west, leaving the Spanish coast near Cape St-
Vincent, at 36 °N, from where it flows out to 25°W. The outflow velocity of Mediterranean water near
the bottom of the Strait of Gibraltar is of the order of 15 cm/s. Between the sill and a depth of 700m, 
in an area centred at about 6.5 °W and 36 °N, this speed can reach 1 m/s. The flow then stabilizes 
downstream from Cap St-Vincent at a depth of 1000 m with speeds of the order of 15 cm/s. Salinity is
also a crucial factor for identifying Mediterranean water. We define a high salinity core as having 
salinities greater than 35.8 g/kg.

Mediterranean water lenses (or Medditerranean eddies or meddies) are eddies (typically anticyclonic,
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i.e., rotating clockwise) with relatively warm and salty cores, born out of instabilities generated by the
passage through the Gibraltar Strait and as it passes over rough topography (e.g., the passage of Cape
St Vincent near the south-western tip of Spain, the Tejo Plateau off Lisbon, and Cape Finisterre at the
north-western tip of Spain).
The  meddy  rotation  period  (time  to  complete  a  complete
revolution) can vary from 3 to 24 days with an average of 8 days.
Their  typical  translation  speed  is  of  the  order  of  2  cm/s.  It  is
estimated that about 70% collide with the Horseshoe Seamounts
(west-southwest of Cape St. Vincent) and either disintegrate or at
least  weaken  significantly.  The  remaining  30%  bypass  the
seamounts to the north and reach the Canary Basin.

The average lifespan of a newly formed meddy is estimated to be
1.7 years, although some have been observed to last 5 years. It is
estimated  that  around 20 meddies  are  formed each  year  which,
considering their their lifespan, suggests that about 30 meddies are
constantly roaming the North Atlantic.

We have observed two meddies  colliding and also the opposite:
their separation.

North Atlantic Deep Water is partly fed by these Meddies which
add both heat and salt.

Bathymetry of the meddy generation 
zone. Credit: Bulletin de la Sociéte 
Géologique de France 

Vertical sections of temperature and salinity through a 
meddy measured in July 1993 in the Canary Basin at around 
36°N, 28°W. This meddy had two local maxima for both 
temperature and salinity with values reaching 13.2°C and 
34.4 g/l at 850 m and 12.3°C and 34.5 psu at 1250 m. The 
anomaly with respect to the surrounding water reached 
4.1°C and 1.1 g/l at 1250 m. The total diameter was 120 km 
Credit: Tychensky and Carton, 1998

Salinity section between Portugal (left) and Morocco (right),
along 8.2°W, from measurements made during the Semane 
campaign in July 1999.
A cyclonic eddy can be seen near the centre of the transect 
and a meddy toward the Moroccan coast.

Credit : V. Thierry, X. Carton and J. Paillet.

Researchers aboard an oceanographic research vessel need a great deal of luck to be able to observe a 
meddy and observations are indeed rare. Since the altimetry signal is quite weak, they cannot be 
located using remote sensing data (some studies have investigated this issue, see for example 
http://conference.iproms.org/presentation/145). However, the few observations that exist have been 
published in specialized journals (Richardson et al., 2000, Tychensky and Carton, 1998). The 
observed meddy radii were between 20 and 80 km and their vertical extents between 800 and 1400 m,
with the meddy core at about 1000 m depth. At the meddy core, salinities reached up to 36.37 g/l and 
a temperature of 13.2°C. Other observations have been made using Argo floats (sensors periodically 
diving to 2000 m to measure temperature and salinity along their trajectory and relaying their data to 
the Argos satellites when they return to the surface).
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The international Argo 
program

http://www.mercator-
ocean.fr/html/actualites/news/actu_argo2000_fr.html

By the mid-1990s, pioneers of ocean forecasting had understood that altimetry data
from satellites,  essential  for  operational  oceanography,  did  not  provide  sufficient
information to construct detailed models of the processes taking place in the deep
ocean.  In  2000,  the deployment  of  Argo floats  began as part  of  an international
program.
Argo  aims  to  deploy  and  maintain  a  network  of  around  3000  profiling  floats,
globally distributed on a 3° × 3° grid, measuring temperature and salinity profiles
down  to  depths  of  2000  m,  hence their  name "Argo profiler".  In  addition,  they
measure the current speed at several depths. Through data assimilation these three
parameters are then fed into models to improve their accuracy. The Argo program
was  initiated  as  a  support  for  operational  oceanography  and  seasonal  and  inter-
annual climate forecasting programs. Each float rises to the surface every ten days
and transmits its data to  Argos satellites (also other  systems such as Iridium are
being used) before diving  back down to 2000 m. The data is distributed  free of
charge and without any restrictions in real time via the Global Transmission System
(GTS) as well as over the internet. 17 countries plus the European Union participate
in the Argo network. The Coriolis project is the French Argo partner; it contributes
instrumentation  (development  of  the  Provor  model),  facilitates  instrument
deployment, and provides data processing (Coriolis is one of the two Argo Global
Data Centres).

An in-depth study carried out by the Mercator Ocean modelling team aimed to assess the capacity of
the North Atlantic Mediterranean Prototype (PAM) to simulate these structures. 
This  experiment  was  carried  out  without  data
assimilation.  Apart  from  a  realistic  bathymetry
and  some  initial  climatological  conditions  (an
average state of the ocean) the model was only
forced with atmospheric  parameters  (wind,  heat
flux, evaporation, precipitation). The model has a
horizontal resolution of 5 to 7 km and covers the
Atlantic  Ocean  and  Mediterranean  Sea.  In  the
vertical, the resolution ranges from 6m near the
surface to 300m near the bottom. The mean layer
thickness  is  about  100 m in  the  Mediterranean
(surface  layers  are  thinner  than  deep  layers  to
better  represent  complex  surface  phenomena).
The  simulation  covers  the  5  years  period  from
1998 to 2002. 

PAM simulation for the year 2000 showing the salinity
at 870m; meddies can be identified by their grey

coloured centres. Credit: Yann Drillet

The results demonstrated the model’s capability to simulate meddies. Such simulations improve our
understanding of meddy formation and allow us to study their preferred routes during their voyage
into the Atlantic.

The model can also simulate processes like meddy collisions and separation (see animation below). A
method  for  monitoring  meddies  using  Lagrangian  trajectories  makes  it  possible  to  follow  the
trajectory of the vortices as illustrated in the figure below. Although a 5-year simulation is not long
enough to study the full formation process of meddies along the Spanish and Portuguese coasts, we
were able to follow a few meddies over a period of 4 years and a greater number over a period of one
year. The simulated trajectories are very realistic if we compare them to observations which have
been made during oceanographic campaigns: formation often occurs near St Vincent Cape and the
Tejo Plateau or near Cape Finistere, then they travel westward, south-westward, or northward. One
particular eddy that formed at the start of the simulation could be followed for 5 years until reaching
the Atlantic ridge at 30°W/35°N. Meddies have been observed at this location, in particular during the
Semaphore oceanographic campaign. Longer simulations will make it possible to study a complete
meddy lifescycle, in particular their potential ability to cross the seamounts that rise in the middle of
the Atlantic.

The 5-year  simulation  also provided  new estimates  for  the  amount  of  salt  transported  across  the
Atlantic  and the contribution made by meddies  to this process which is  essential  to maintain the
thermohaline circulation.
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PAM simulation showing the salinity at 870 m, from
13/07/98 till 30/11/98 at 20d intervals. Note the meddy
collision and subsequent separation into two separate
structures. Credit: Yann Drillet 

Trajectories  of  floats  simulated  by  the  model.  The
colour  represents  the  salinity  at  the  float’s  position
which, in this example, varies between 33.9 and 34.3
g/kg of seawater, i.e., about 0.5 to 0.6 g/kg more than
in the surrounding water.  Credit:  Yann Drillet  et  al.,
2005
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4.4 Example : Numerical study of a meddy colliding with a seamount

Meddies (Medditerranean eddies) are vortices that contain relatively warm and salty Mediterranean
water at their core. They are prominent hydrological structures of the North Atlantic. As they travel,
meddies face many topographical obstacles. The objective of this internship is to study the dynamics
and processes involved in the collision of a meddy with a seamount. High resolution simulations were
carried out in order to model this collision. A preliminary study, without seamounts, was carried out
in   order   to   understand   the   evolution   and   structure   of   the   meddy   without   any   disturbances.   Its
propagation   is   affected   primarily   by   the  effect   and   a   hetonic   (dipolar)   interaction   with   an
underlying cyclonic  structure  developing.  A sensitivity  analysis  of   the physical  parameters  of the
model was performed using different seamount characteristics. In all simulations, the meddy survived
the  collision  with   the   seamount  and  split   into   two  independent   structures:   a  main  meddy  and a
secondary   meddy.   A   change   in   the   main   meddy’s   vertical   vorticity   structure   indicated   a   rapid
evolution towards a hetonic structure. The main meddy then continued to travel southwest. In one of
the simulations, the evolution towards a hetonic structure was so important  that a stable structure
emerged that travelled eastward. Erosion, aggregation, and filamentation were also analysed.
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4.5 Techniques for identifying and tracking vortices
A proper definition of a vortex and the implementation of an algorithm to automatically identify and follow
mesoscale and submesoscale structures are fundamental to study vortex dynamics using large databases such
as   those   from   satellite   altimetry   or   the   outputs   from   circulation   models.   Different   methods   have   been
proposed, either based on the physical characteristics or the geometry of the study area.

Methods based on physical characteristics identify vortices using a specific parameter, e.g., the value of the
chosen parameter exceeds a predefined threshold. Methods based on the flow field geometry identify vortices
based on the shape or curvature of streamlines. These automated detection algorithms can be classified into
three types (Nencioli et al, 2009): 1) based on physical parameters; 2) based on the geometry of the flow field;
and 3) hybrid methods that utilise both physical parameters and the flow field geometry.

In  theory,  the particle  velocity,  u,  in  a vortex (and,  therefore,  the vortex itself)  can vary in several  ways
depending on the distance  r  from the axis. We distinguish between two important cases: (i) an irrotational
vortex and (ii) a rigid body vortex.

If u is inversely proportional to r, then an imaginary test balloon placed in the vortex will not spin on its own
axis but maintain the same orientation while moving in a circle around the axis of the vortex. In this case, the
vorticity  is zero everywhere except on the axis of the vortex and the flow is called irrotational.

http://en.wikipedia.org/wiki/Vortex

In the absence of external forces, a vortex usually moves fairly rapidly towards the irrotational flow pattern
where u is inversely proportional to r. For this reason, irrotational vortices are also called free vortices. For an
irrotational vortex, the flow is zero along any closed contour that does not contain the axis of the vortex. The
flow has a constant value,  , for any contour encircling the axis once. The tangential component of the

particle velocity is then u=


2 r 
.

However, an irrotational vortex is not physically realistic as this would imply that the velocity of the water
particles (and therefore the force necessary to keep them on their circular trajectories) would increase without
limit as one approaches the axis of the vortex. What happens in a real vortex is that there is always a core
region surrounding the axis where the speed of water particles no longer increases. At some point, the velocity
actually starts to decrease towards zero as r tends to zero. In this region, the flow is no longer irrotational, the
vorticity  becomes nonzero and its vector is roughly parallel to the axis of the vortex. Rankine's vortex
is a model that assumes a rotational rigid body flow where r is less than a fixed distance r0 and an irrotational
flow outside that central region.

A rotating vortex can only be maintained in this state in the presence of an additional external force that is not
generated  by the movement of the fluid itself.  For example,   if a bucket  of water  is  rotated at  a constant
angular  velocity  w  about   its  vertical  axis   the  water  will  eventually   turn  like  a  rigid  body  and the  water
particles will move along circular trajectories with a speed u =  w r. In this scenario, the free surface of the
water will assume a parabolic shape and the resulting pressure gradient will be directed towards the interior of
the bucket, thus preventing the flow from evolving from a rigid body flow to an irrotational one. In this type
of flow with a fluid of constant density, the dynamic pressure is proportional to r². In a constant gravity field,
the free surface of the liquid is a concave paraboloid.

If the fluid rotates  as a rigid body – that  is,  if  the angular  velocity,   ,  is  uniform, such that  Ω u  increases
proportionally with r – a small ball placed in the vortex would also rotate about its own axis as if it were part
of that rigid body. In such a flow, the vorticity is constant – equal to 2  – throughout and its direction parallelΩ
to the axis of rotation.
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The study by McWilliams (1990) was among the first to investigate the automated detection of vortices. They
developed an algorithm to quantitatively measure the specific properties of coherent vortices from a numerical
solution  of the 2D circulation  problem. It  is based on the notion that  rotation  dominates  in a vortex and
relative  vorticity,  ,  can be used as a physical  parameter  for  its  detection.  The vortex  centres  can be
identified by local minima and maxima of  while the vortex edges are defined by the contour line where


 center

0.2 . A series of geometrical constraints is applied to the detected structures and only those that

are not too axisymmetric are considered to represent a vortex. For this reason, this method belongs to the last
category,

In the detection algorithms that are based on physical parameters, the OkuboWeiss parameter, W, is among
the  most  commonly  used   (Okubo  1970;  Weiss  1991).  This  parameter   is   calculated   from  the  horizontal
velocity field

where  

where ssh and sst are the déformation de cisaillement et de déformation, respectively, et j est la composante
verticale  de la  vorticité.  Here, W quantifies  the relative  importance of deformation  vs rotation.  Since the
velocity  field   in  a vortex  is  dominated  by rotation,  ocean eddies  are generally  characterized  by negative
values of W. It is therefore possible to identify these functions by closed contours of W = W0, where W0 is a
chosen threshold value. This process was often used for detecting vortices in sea surface altimetry data (SSH)
(e.g., IsernFontanet et al., 2003; Morrow et al., 2004; Chelton et al., 2007). However the velocity derivatives
cause additional noise in the W fields. This noise can be reduced by applying a smoothing algorithm which
can of course also remove part of the signal we are trying to detect. Several studies have demonstrated that
this method also has its limits (Sadarjoen and Post 2000; Chaigneau et al., 2008) in that it tends to yield false
positives, i.e., it falsely identifies vortices, a problem that appears to persist even after smoothing the W field.
Furthermore,  when long time series  are analysed,   the   threshold  value W0 must  be continuously  adjusted
according to the variation of the turbulence properties of the velocity field.

An approach known as the winding angle method has been proposed by Sadarjoen and Post (2000). This
approach belongs to the second category and is based on the assumption that vortices can be identified from
their  approximately  circular  or  spiralling  shape around their  cores  (Robinson,  1991).  As a  first  step,   the
instantaneous  streamlines  are  derived  from  the  velocity   field;   then,   the  change   in  mean  direction  of   the
segments that  make up a given streamline  (winding angle)  is  calculated  for each streamline.  Vortices are
identified  by  current   lines   that  have  a  winding  angle     that  corresponds   to  a  closed  circular  or
spiralling shape.
This method was used by Chaigneau et al. (2008) to analyse vortex activity in the eastern part of the South
Pacific using SSH altimetry data. By comparing the results from their method with those obtained with the
OkuboWeiss method they could demonstrate that the winding angle method was better a detecting vortices
and,  more  importantly,  exhibited  a much lower rate  of false  positives.  However,   this   improved accuracy
comes at the price of a higher computational cost. Chaigneau et al. (2008) could reduce the computational
effort by applying this method only to regions where eddies had been identified through local maxima/minima
in SSH. For this reason, their method belongs to the third (hybrid) category: a physical quantity (SSH) is used
to identify potential vortex candidates before using geometric characteristics of the flow zone (streamlines) to
define the vortex boundaries.
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Here necioli slides
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4.6 Example : tracking vortices in the Cape Basin and the Gulf of Lion
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5. Advection-diffusion

Fundamentals
5.1 Conservation theorem
The law of conservation of a generic density  can be written as

a special case of the conservation law is the continuity equation where the density is conserved

A more general form is

which also accounts for the presence of possible sinks and sources of  , represented by  . This
term can be divided into two other terms, a non-divergent contribution  and the divergence of a
certain vector −

to yield

which is the most general form of a conservation equation.

Divergence Theorem
https://en.wikipedia.org/wiki/Divergence_theorem

In vector calculus, the  divergence theorem, also known as  Gauss's theorem or  Ostrogradsky's theorem, is a theorem
which relates the flux of a vector field through a closed surface to the divergence of the field in the volume enclosed, i.e.,
the  surface integral  of a vector field over a closed surface, which is called the  flux  through the surface, is equal to the
volume integral of the divergence over the region inside the surface:

 

where V is the reference volume and S the surface containing V.

By integrating this equation over a finite reference volume and by applying the Divergence Theorem
one obtains the integral form of the Conservation Theorem

This formulation demonstrates that the local temporal variation of the property  in the volume V
(first term) is linked to the sum of three terms:

-   a transport term  v , linked to the entrainment of a property by the moving fluid;
-   a flux term, i.e., effects impacting the surface, linked to  which result in a loss or increase in a
certain quantity in the finite volumes, but with =0 on the surface (but not necessarily throughout
the entire volume occupied by the fluid). This term thus redistributes the property inside the fluid or
distributes it through actions seeking to introduce or export the property through the surface.
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-   a dissipation or generation term, i.e., volume effects linked to  which represents any change in
 due to forces distributed in space, which could also be zero (individually or overall), although

the term mostly represents the fact that the property  is not conserved, and, in any case, is never
conserved locally.

EXAMPLE: estimating the net production in an oceanic eddy (LATEX project) 

NB: in this case the diffusion coefficients correspond to turbulence (see below) and not molecular
diffusion.

We can now take the property  as
 = S

with S being salinity in parts per thousand.
By applying the law for the conservation of mass and the definition of a Lagrangian derivative we
obtain

The equation for the conservation of salinity then becomes

In general, one always assumes that the flux of a property is proportional to the negative gradient of
said property, i.e.
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with k S the proportionality constant. The conservation equation then becomes

and since we can assume the spatial variability of k S to be negligible,

with S =
k S


the molecular diffusion coefficient.

Molecular diffusion has relatively long time scales compared to diffusion by turbulence and we will
therefore neglect  molecular diffusion in what  follows.  However,  in the absence of any turbulence
molecular  diffusion  must  always  be  considered  as  it  is  the  only  process  that  can  cause  any
redistribution  of  a  property.  Without  sources/sinks,  molecular  diffusion  acts  to  reduce  any
concentration gradients in accordance with the second law of thermodynamics.

For what follows, it will be useful to study the case of molecular diffusion in a fluid at rest. Under
these conditions we have 

If  = 0 , a possible solution is

with r2
= x2

y2
z2 .  This  solution  represents  a  3D Gaussian  centred  at  the  origin  with  a

variance of 
2
= 2S t .

In the initial state, the property  S is entirely concentrated in a single point (for simplicity, we will
place this point at the origin of the coordinate system). Then the concentration of property S spreads

at a rate  2S

t
. In other words, the radius of the (circular) volume into which the point source

property diffuses increases with the square root of time while the rate of expansion decreases at the
same rate; for typical values of molecular diffusivity, kS , this process is very very slow. In the sea, the
value of kS for salt (or mass in general) is about 1.5×10-9 m2 s-1. This value tells us that a high salinity
water pocket occupying 1m² will take 10,000 days to grow just 0.5m² (1 day = 86400 s ~ 105 s)! The
molecular diffusivity for temperature, kT , is about 1.5×10-7 m2 s-1. This implies that, while still slow,
the diffusion of temperature occurs about 100 times faster than the diffusion of salt. The kinematic
viscosity (i.e., the molecular diffusion of momentum) at a temperature of 20oC and a salinity of 39
psu  is about 1.0×10-6 m2 s-1.  
The slowness of these transport processes allows us to use passive tracers to mark certain flow fields
(e.g., a particular current).

In addition, this homogeneous 3D solution can be broken down into a product of three 1D solutions:

each of which is the solution to the 1D diffusion equation

These solutions allow us to find a solution for the case where ≠0 starting from a certain initial
concentration So :
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Thus, to follow the evolution of a diffusing substance,  we consider the distribution present  at the
beginning, or a certain concentration added later, and take it as the sum of several point sources. We
then  follow  the  evolution  of  each  point  source  and  eventually  sum  them  to  obtain  the  overall
concentration field. Predicting diffusion is therefore relatively simple as long as there is no movement
(and turbulence).

5.2 Turbulence as a stochastic process

Turbulence  can  be  considered  as  resulting  from an  unstable  flow,  or  from a  flow  in  which  the
infinitesimal disturbances due to movements at the molecular level tend to increase until they reach
an intensity comparable to that of the main flow itself. 
The transition  from stable  to  unstable  is  random,  although the  transition  from stable  to  unstable
typically occurs more rapidly than the reverse transition in which the flow becomes laminar again.
In addition to vibrations, the surface roughness of obstacles and other irregularities can promote the
transition to a turbulent state. 
The Reynolds number provides a threshold for determining the changeover from laminar to turbulent.

When a flow becomes turbulent it is not necessary to describe its evolution in every minute detail
since  the  fluctuations  affect  all  spatial  and  temporal  scales  and  are  highly  irregular.  Instead,  a
probabilistic approach is usually employed to focus on the mean flow/displacement.  

Temporal mean:

where  T is  a  sufficiently  long  time  period  to
contain a sufficiently large number of the random
fluctuations we wish to neglect.

Spatial mean:

where  V is  a  region  of  space  with  volume  V
around  our  point  of  interest  that  is  sufficiently
large  to  contain  a  large  number  of  random
fluctuations.

The ensemble mean 〈〉r , t  is defined as the mean at each point in time and space obtained by
repeating the same experiment an infinite number of times.
In a stationary situation, the ergodic hypothesis yields =〈〉 , i.e., we can obtain the ensemble
average from the temporal and spatial averages of just one single realisation of the experiment.

https://en.wikipedia.org/wiki/Ergodic_hypothesis 
In physics and thermodynamics, the ergodic hypothesis says that, over long periods of time, the time spent by a
system in some region of the phase space of microstates with the same energy is proportional to the volume of
this region, i.e., that all accessible microstates are equiprobable over a long period of time.
Liouville's theorem states that, for Hamiltonian systems, the local density of microstates following a particle
path through phase space is constant as viewed by an observer moving with the ensemble (i.e., the convective
time derivative is zero).  Thus, if the microstates are uniformly distributed in phase space initially, they will
remain  so  at  all  times.  But  Liouville's  theorem  does  not  imply  that  the  ergodic  hypothesis  holds  for  all
Hamiltonian systems.
The ergodic hypothesis is often assumed in the statistical analysis of computational physics. The analyst would
assume that the average of a process parameter over time and the average over the statistical ensemble are the
same.  This  assumption—that  it  is  as  good  to  simulate  a  system over  a  long  time as  it  is  to  make  many
independent realizations of the same system—is not always correct (see, for example, the Fermi–Pasta–Ulam–
Tsingou experiment of 1953).
Assumption of  the ergodic  hypothesis allows proof that  certain types of  perpetual  motion machines  of  the
second kind are impossible.
Systems that are ergodic are said to have the property of ergodicity; a broad range of systems in geometry,
physics and stochastic probability theory are ergodic. Ergodic systems are studied in ergodic theory. 

5.3 Eulerian and Lagrangian approaches to solving the equation of conservation of a solute in
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the presence of turbulence

As we have seen in the introduction, the relationship between the total time derivative in a Lagrangian
reference frame and the partial time and space derivatives in an Eulerian frame of reference are linked
as 

There are thus two possible mathematical approaches to address the advection-diffusion problem:

-  Eulerian: one assumes a stationary reference system; the balances of momentum, energy, and mass
depend on the fluxes that pass through the walls of a volume  V which is fixed with respect to the
coordinate system. We integrate the advection- diffusion equations in such a system.

-  Lagrangian:  the  fluid  is  interpreted  as  a  set  of  particles  and each  particle  is  assigned  its  own
characteristics, such as a certain concentration of pollutant and certain randomness in its movements;
the  concept  of  trajectories  is  used  to  track  the  path  of  each  fluid  particle;  along the  trajectories
particles can undergo transformations depending on the environmental conditions.

Eulerian approach
This type of approach is based on solving the conservation equation of mass for each particle type
(pollutant,  plankton  cell,  salt,  etc.)  and  the  associated  concentration  c(x,y,z,t). The  conservation
equation can be written as:

and one  assumes  that  the  velocity  v can be represented  as  the  sum of  a  mean and a fluctuating
component (Reynolds decomposition):

v = v  v '

While v represents the part of the flow that can be measured experimentally or determined using
hydrodynamic models, v ' is a stochastic variable that  contains information about the turbulence
diffusivity and for which the temporal mean is zero by definition v '=0 . For the concentration we
can write in the same fashion

c = c + c ' with c '=0

Oceanic turbulence is characterised by the superposition of several time scales avec une amplitude
variable avec continuité and the choice of an appropriate time interval  T can therefore not be made
unequivocally. It will depend on an arbitrary choice of the time scale  over which we may want to
average movement or not .  

Once an appropriate value for T has been chosen, based on the problem under investigation, we can
start to decompose the flow into two components: 
- a mean flow that varies slowly;
- a turbulent flow that varies rapidly.

The ergodic hypothesis then yields

〈v 〉=v 〈v ' 〉=v '=0 〈c〉=c 〈c ' 〉=c '=0

Substituting this into the conservation equation yields:
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∂c
∂ t


∂c '
∂ t

vv ' ⋅∇cc '  = c ∇
2 c∇ 2 c ' 





∂c
∂ t


∂c '
∂ t

v⋅∇ c  v⋅∇ c 'v '⋅∇ c  v '⋅∇ c ' = c ∇
2 c∇ 2c ' 





by taking the mean of the equation and applying the following definitions

∂c
∂ t

v⋅∇ c  v '⋅∇ c ' = c∇
2 c〈  〉

a “new” term appears which can be re-written as

v '⋅∇ c ' = v '⋅∇ c 'c ' ∇⋅v ' = ∇⋅c ' v '

where  c ' ∇⋅v '=0 if  we  apply  the  velocity  decomposition  to  the  continuity  equation  for  an
incompressible fluid

∇⋅v = 0 , ∇⋅vv '  = ∇⋅v∇⋅v '=0 with ∇⋅v=∇⋅v=0 and thus ∇⋅v '=0

The  term  c ' v '=〈c v ' 〉 represents  the  turbulent  diffusion;  K theory  (or  Newtonian  closure)
suggests to take

〈c ' v ' 〉 = −K ∇ 〈c 〉

with K the diagonal of the turbulence diffusion tensor, the elements of which are estimated from in
situ measurements or using numerical models: for oceanic flow we distinguish between horizontal
and vertical phenomena

〈c ' u ' 〉 = −K H

∂ c
∂ x

〈c ' v ' 〉 = −K H

∂ c
∂ y

〈c ' w' 〉 = −K V

∂ c
∂ z

where K H , KV are the horizontal and vertical turbulence diffusivities, respectively.

Considering that turbulence diffusivities are typically several orders of magnitude larger than their
molecular counterpart, molecular diffusion can usually be neglected entirely.
The main difference between turbulence and molecular diffusion is that the former are no property of
the fluid but of the flow; they are often determined a posteriori in accordance with observational data.
Turbulence  diffusion  is  of  the  same order  of  magnitude  as  turbulence  (or  eddy)  viscosity  which
describes the diffusion of momentum.
If we consider the example of pollutants that do not degrade in any way (i.e., 〈/〉=/ ), then
Eq. 3.5 becomes

∂c
∂ t

v⋅∇ c = K H ∇H
2 cK V  ∂

2 c

∂ z 2〈  〉
Symbols indicating time averaging have been omitted as is customary in the literature, but we should
never  forget  the  reasoning  behind  this  (e.g.,  Reynolds  decomposition),  the  approximations  (e.g.,
incompressible fluid), and the hypotheses (e.g., ergodicity) that have led to this formulation of the
conservation equations for a solute containing turbulence diffusivity.

Solutions of the type c r , t  for this equation can be found analytically by making certain
simplifying assumptions (e.g., stationarity) or numerically by employing different approaches (finite
differences, finite elements, spectral).

Lagrangian approach

105



OPB306 and OPB309 Master of Marine Sciences Specialisation OPB

The Lagrangian approach is based on the diffusion equation of a solute of a certain concentration
c(x,y,z,t):

where P(r,t | ro,to) is the probability density that a particle which is at ro at time to will be at the new
location r at time t. As in the Eulerian case, this equation can be integrated analytically if we assume a
certain probability distribution for P (often a Gaussian distribution is used as we speak of Gaussian
models)  and  make  certain  simplifying  assumptions.  Alternatively,  the  integration  can  be  solved
numerically.

7.4 Lagrangian particle tracking models

Dispersion can be simulated with Lagrangian particle tracking models in two ways:
-   models using one single particle: the movement of each particle is independent of the others;
-   models using two or more particles: reproducing the relative dispersion between particles.

In the single-particle  models,  the  particles  move during  each time step with a velocity  v e that  is
equivalent to the real velocity v. If v defines the particle displacement during a certain time interval
 t = t 2−t1 according to

the equivalent velocity is defined as:

ve can be estimated using observations of Eulerian models of v using

where
-   v represents  the  deterministic  part  of  the  transport  that  is  based  on  the  Eulerian
observations/hydrostatic modelling of the current strength;
-   v ' represents the random/diffusive component, i.e., a numerical perturbation whose magnitude
is  linked  to  the  turbulence  intensity  and  the  characteristics  of  the  smallest  eddies  that  are  not
accounted for in the mean velocity field.

To estimate v ' there are two possibilities:
-   in the deterministic calculation we use a relation that can be obtained from Ktheory of diffusion in
a grid:

where c is the concentration calculated from the number of particles in a grid cell;

   in the statistical calculation v ' is treated stochastically using so-called Monte-Carlo approaches.
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From https://en.wikipedia.org/wiki/Monte_Carlo_method 

Monte Carlo methods, or Monte Carlo experiments, are a broad class of computational algorithms that rely
on repeated  random sampling to obtain numerical results. The underlying concept is to use  randomness to
solve problems that might be  deterministic in principle.  They are often used in  physical and  mathematical
problems and are most useful when it is difficult or impossible to use other approaches. Monte Carlo methods
are mainly used in three problem classes:[1] optimization, numerical integration, and generating draws from a
probability distribution. 

In physics-related problems, Monte Carlo methods are useful for simulating systems with many coupled 
degrees of freedom, such as fluids, disordered materials, strongly coupled solids, and cellular structures (see 
cellular Potts model, interacting particle systems, McKean–Vlasov processes, kinetic models of gases). 

Other examples include modeling phenomena with significant uncertainty in inputs such as the calculation of 
risk in business and, in mathematics, evaluation of multidimensional definite integrals with complicated 
boundary conditions. In application to systems engineering problems (space, oil exploration, aircraft design, 
etc.), Monte Carlo–based predictions of failure, cost overruns and schedule overruns are routinely better than 
human intuition or alternative "soft" methods.[2] 

In principle, Monte Carlo methods can be used to solve any problem having a probabilistic interpretation. By 
the law of large numbers, integrals described by the expected value of some random variable can be 
approximated by taking the empirical mean (a.k.a. the sample mean) of independent samples of the variable. 
When the probability distribution of the variable is parametrized, mathematicians often use a Markov chain 
Monte Carlo (MCMC) sampler.[3]  [4]  [5] The central idea is to design a judicious Markov chain model with a 
prescribed stationary probability distribution. That is, in the limit, the samples being generated by the MCMC 
method will be samples from the desired (target) distribution.[6]  [7] By the ergodic theorem, the stationary 
distribution is approximated by the empirical measures of the random states of the MCMC sampler. 

In other problems, the objective is generating draws from a sequence of probability distributions satisfying a 
nonlinear evolution equation. These flows of probability distributions can always be interpreted as the 
distributions of the random states of a Markov process whose transition probabilities depend on the 
distributions of the current random states (see McKean–Vlasov processes, nonlinear filtering equation).[8]  [9] 
In other instances we are given a flow of probability distributions with an increasing level of sampling 
complexity (path spaces models with an increasing time horizon, Boltzmann–Gibbs measures associated with 
decreasing temperature parameters, and many others). These models can also be seen as the evolution of the 
law of the random states of a nonlinear Markov chain.[9]  [10] A natural way to simulate these sophisticated 
nonlinear Markov processes is to sample multiple copies of the process, replacing in the evolution equation the 
unknown distributions of the random states by the sampled empirical measures. In contrast with traditional 
Monte Carlo and MCMC methodologies these mean field particle techniques rely on sequential interacting 
samples. The terminology mean field reflects the fact that each of the samples (a.k.a. particles, individuals, 
walkers, agents, creatures, or phenotypes) interacts with the empirical measures of the process. When the size 
of the system tends to infinity, these random empirical measures converge to the deterministic distribution of 
the random states of the nonlinear Markov chain, so that the statistical interaction between particles vanishes. 

In statistics, given a random sample

 of n statistical units, a linear 
regression model assumes that the relationship between the 
dependent variable Y and regressor X is linear:

 

In linear regression the main task consists of estimating the 
values a and b and of quantifying the validity of these 
estimates through the linear correlation coefficient. This can
be generalised for p explanatory variables/predictors

 

which is then called multiple linear regression.

From https://en.wikipedia.org/wiki/Linear_regression 

This second approach is more flexible and more common.

The velocity distribution of particles dispersing in turbulent flow can be written using autoregressive
models. An autoregressive process is a r  e  gression model for time series data, the evolution of which
can be fully explained from its past evolution.
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The autoregressive models are thus discrete models where the velocity at a given instant is a linear
combination of its past values plus a time-dependent random term.
An autoregressive model of order p is denoted with the acronym AR(p) and for the case of velocities
it becomes
 

v ' n = 1 v 'n−1  2 v ' n−2  ...  p v 'n− p  

where  is a random velocity component.

Zero-order autoregressive models or “random walks”

In this type of model, one makes the assumption that Brownian motion can be described as a zero-
order autoregressive model AR(0) where the random velocity component, being the result of random
collisions between fluid particles, simply is:

vn ' = 

By using the analogy between molecular diffusion and the diffusion of particles immersed in the fluid
by turbulence,  one  can consider  the  displacements  due to  the  small  eddies  as  purely  random.  A
numerical  model  that  makes  use  of  this  approximation  calculates  the  particle  displacements  as
follows:

r n1 − rn = v n t   n

where  =   t .  To  each  component  of  =  x , y , z we assign  a  randomly  chosen
value from the corresponding probability density function.

First-order autoregressive models

A first-order autoregressive model,  AR(1),  applies  if  we consider  pollutant  particles  that  are both
small enough for the molecules around them to produce random variations in their velocity but also
large enough to experience friction with the molecules of the liquid which causes a reduction in their
velocity.

The equation of motion takes the form of the stochastic Langevin equation:

d v '
d t

= − v '

In this equation, the particle acceleration is divided into two terms that describe different aspects of
the particle-fluid interactions:
 v ' describes the fluid as a continuous, macroscopic medium that exerts a friction force on the

particle that is proportional to the particle velocity;
 is  a  term  that  represents  random  forcing  due  to  collisions,  which  therefore  describes  the

behaviour of the fluid as a set of random variations due to the random particle accelerations.
The displacement of a particle immersed in a fluid moving with velocity v is then given by the sum
of the fluid velocity and the random velocity as obtained from the Langevin equation . It will therefore
be necessary to solve the following set of equations numerically:

r n1 − rn = [ vn  v ' n] t
v ' n − v ' n−1 = −[v ' n−1   n] t

The second equation becomes

v ' n − v ' n−1 = 1− t v ' n−1   n t =  v 'n−1   n t
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With the series { n} being entirely random and stationary with zero mean,  the ensemble mean
becomes

〈v ' n〉 =  〈v 'n−1〉

and in the steady state we have 〈v ' n〉 = 0 .
The covariance is

 〈v ' n v ' n−1〉 = 〈 v 'n−1
2

〉

considering 〈 n v ' n〉 = 0   is independent of v ' .

In the steady state, by using the covariance Co=〈v ' 2
n〉 the preceding equation can be written as

C1 = Co

and more generally
C k = C k−1  or C k = 

k Co

We can define a correlation coefficient

k =
Co

C k

= 
k

which,  since ∣∣1 ,  will  have  the  shape
shown on the right

The  variance  of  {v ' n} is  linked  to  the  variance  of { n} by  the  following  relation  where
2〈 n vn−1〉 = 0

〈v ' 2
n〉 = 

2
〈 v '2n−1〉  〈

2
n〉 or 〈v '

2
n〉 =

1

1−
2 〈 

2
n〉

The series  {v ' n} can thus be calculated iteratively:

v ' 1 =  v ' o  1

v ' 2 = 
2 v ' o   1   2

  …

v ' n = n v ' o  ∑
i=0

∞

 in−1

but   since 
n decreases   quickly, v n quickly   looses   its   “memory”   of   the   initial   state.

Asymptotically (in the steady state) we will have

v ' n ≃ ∑
i=0

∞


i
 n−1

The series   {v ' n} thus  tends  to be a moving average exponentially  weighted based on the past
evolution of { n} .

7.5 Implementing a “Random Walk” and an advection-diffusion model
For the moment, we will consider a zero mean velocity and consider a situation comparable to a drop
of ink diffusing in a glass of water.
Our model then simply looks like this

r n1−rn = 

and we need to calculate  .
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Truly random numbers  can be produced with hardware  that  takes  advantage of certain stochastic
physical  properties  (e.g.,   the noise of a resistance)  but  this  would be impractical  for a numerical
model. We therefore use a socalled pseudorandom number generator (PRNG) which is an algorithm
that generates a sequence of numbers with certain properties of chance. For example, numbers must
be largely independent of each other and it should be difficult to spot groups of numbers that follow a
certain rule (group behaviour). However, it should be remembered that the output of any PRNG is
never entirely random; they only approximate the ideal properties of completely random numbers.
John   von   Neumann  insisted   on   this   fact   with   the   following   remark:   "Anyone   who   considers
arithmetical   methods   of   producing   random   digits   is,   of   course,   in   a   state   of   sin".   A   rigorous
mathematical analysis is necessary to determine the degree of randomness of a PRNG.   
Pseudorandom methods  are  often  used  on computers  for  various   tasks  such  as   the  MonteCarlo
simulations (see above) or cryptographic applications. 
Most pseudorandom algorithms try to produce outputs that are uniformly distributed, typically with a
uniform probability distribution between 0 and 1. However, to simulate diffusion in a liquid we need
a Gaussian distribution of probability densities instead.
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Random walk in two spatial dimensions
For the purposes of this analysis, and in order to simplify the modelling of Brownian motion, we will 
consider only two spatial dimensions. Let us consider the case of a single particle for the moment. 
This particle performs a random walk when each step is of random direction and random length. For 
example, if (xi, yi) denote the particle coordinates after time step i, then the particle coordinates one 
time step later (i + 1) will be given by:
x(i+1)=x(i)+depx
y(i+1)=y(i)+depy
where depx and depy are random variables taken from the Gaussian probability density distribution 
mentioned above, centred on 0 with a standard deviation of 1 (devst in the code). The particle thus 
performs a random walk with independent steps as shown in the following figure.

To model more than one particle we simply need to add another loop to the code (ipmax represents
the number of particles).
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Calculating the spatial concentration

We have plotted the tracks of several particles over time. However, we wish to focus our attention to 
the problem of diffusion. For this purpose, let us imagine a small arbitrarily shaped domain in which 
particles are allowed to diffuse.
We can chose a square domain with sides of length 100 (arbitrary units) (the matrix called CONC in 
the code). Now we want to show the concentration at each point and each instant “it”. This can be 
achieved by reversing the time loop (“it” in the code) with the loop over the number of particles (“ip” 
in the code). We then place all particles at the initial location  (50,50) (for it=1) and make them move 
(using displacements depx and depy).
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Figure 2 shows us the random walk of a particle subject to Brownian motion. Although all directions
are equiprobable,   the random walk is  not  isotropic.  In  fact,   the  random walk is  only statistically
isotropic, i.e., isotropy only appears after a very large number of steps. This is what Figure 5 shows
us, the diffusion of a drop of ink in a fluid. We can easily see that this drop of ink diffuses over time,
i.e., it spreads, propagates, until reaching a near homogeneous distribution in space. Here, we clearly
see that the spreading is isotropic, i.e., it occurs in all directions equally. Hence, isotropy only appears
from a macroscopic point of view as it is a statistical property. Figure 5 also shows that the spreading
of the ink drop slows with time. The diffusion equation proposed by A. Fick is:
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The standard  deviation,   ,   is  proportional   to   the   square   root  of   timeσ ,   i.e.,   it   is  high  at   first  and
decreases with time to near zero. Initially,   will increase quickly commensurate with the diffusion ofσ
our ink drop but this increase will slow down indicating a slowing diffusion. By replacing the term 2
ks t by  Â² in Eq.(1), we obtain a Gaussian:σ

Figure 6 shows a comparison of the particle distribution along the horizontal and vertical axes and the
theoretical distribution predicted by Eq.(2) (using rÂ²=(x50)Â² to centre the Gaussian at 50).
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Let us now focus on advection. 
The equation that needs to be solved numerically for a single Lagrangian particle is

with  X  the  particle  position,  Va  the  advection  velocity  and  Vd  the  random  velocity  linked  to
turbulence.
Using V=Va+Vd and by integrating we obtain

(1)

Several methods are available to solve this equation.

The Euler method

This method is  widely used as it  is  easy to code.  In general,  the numerical  scheme is  written as

One advantage of this method is that it only requires a single velocity field (a snapshot taken at a
single instant in time), i.e., .
In  practice,  we need to  interpolate  the  velocities  from the four  nearest  grid  points  to  obtain  the
velocity at the exact location of the particle.

One method is to take a weighed average based on the distance between the particle and the grid
points. The coefficients, or weights, are inversely proportional to the distance between the particle and
each grid point and can be calculated from 

         
The main  disadvantage  of  the  Euler  method is  its  low precision  (order  1)  which  means that  the
particle trajectories can quickly deviate from the exact solution if the time step is not small enough.

http://rainman.astro.uiuc.edu/ddr/ddr-galaxy/parameters.html
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Runge-Kutta methods

Runge-Kutta methods can be used to find approximate solutions to differential equations. They have
been named in honour of the mathematicians Carl Runge and Martin Wilhelm Kutta who developed
the method in 1901.
These methods are based on the principle of iteration, that is, a first estimate of the solution is used to
calculate a second, more precise estimate, and so on. Depending on the number of iterations we speak
of a different order. The first-order Runge-Kutta method (RK1) is equivalent to the Euler method. The
classical Fourth-Order Runge-Kutta method is a special case that is used very frequently. Denoted
RK4, it can be written as follows:

with

The idea is that the next value (Xn + 1) is approximated by the sum of the current value (Xn) and the
product of the time step   t with the estimated slope (i.e., the velocity or rate of change of the
location). The slope is obtained by creating a weighted average of different slopes:

a is the displacement based on the slope at the beginning of the time interval;
b is the displacement based on the slope at the midpoint of the time interval and at the midpoint of the
displacement a calculated by Euler's method;
c is again the displacement based on the slope at the midpoint of the time interval, but at the location
obtained from the displacement b;
d is the displacement based on the slope at the midpoint of the time interval and at the midpoint of the
displacement given by c.

In the average of the four slopes, a greater weight is assigned to the slopes at midpoint:

    slope = (a + 2b + 2c + d)/6.
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http://rainman.astro.uiuc.edu/ddr/ddr-galaxy/parameters.html

The RK4 is a forth-order method, which means that the error committed at each step is of the order of
h5, while the total accumulated error is of the order of h4.

The problem with this method is that it requires the velocities between two time steps. We therefore
need to interpolate not only in space but also in time. The interpolation in time must have the same
precision as the method of integration. So a forth-order interpolation is 

From a programming point of view, this means that we need to store more information in memory,
essentially  all  four  velocity  fields  for  the  entire  length  of  the  simulation  as  we  cannot  know
beforehand where the particle will go; this requires more RAM.

Figure by M.Berta

The Adams-Bashford-Multon (ABM) method

This method is divided into two steps: a predictive part (Adams-Bashfod method) and a corrective
part (Adams-Multon method).
The predictive part employs a polynomial interpolation of the variable V(X,t) through the points Xn,
Xn-1, Xn-2, and Xn-3 followed by integrating Eq.(1) between Xn and Xn+1

                                        (6)

The corrective part uses a polynomial interpolation of the variable V(X,t) through the points ~Xn+1
(which  we just  calculated  in  the  predictive  step),  Xn,  Xn-1,  and  Xn-2  and  by  integrating  Eq.(1)
between Xn and Xn+1
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The ABM method is also a forth-order method with an error of order 5.
Using a Taylor series expansion we can estimate the errors of the predictive part

and of the corrective part

where X(tn+1) indicates the “true” value.
By combining Eqs.(8) and (9)

5.6 Coupled physical-biogeochemical modelling

Coupling  Lagrangian particle  tracking  models  with general  circulation models  can yield valuable

insights when studying the role of different physical processes and their interactions on transport over

a wide range of scales. In fact, the Lagrangian technique allows us to simulate a rather wide range of

different processes. Apart from simple advection, we can add the grid-based diffusion or biological

behaviour employing varying degrees of complexity.
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As pointed out by Miller (2007) in a review paper on using Individual Based Models (IBMs) to study

fish recruitment, these models, although defined as coupled physical-biological models, are typically

used in an offline-coupled mode to reduce computational  cost,  apart  from a few exceptions (e.g.,

Hinckley96, Mullon03 , Guizen06).

In this scheme, runs of the hydrodynamic model are completed and output is stored at set intervals.

Then the IBM uses stored velocity data to move and track individual eggs and larvae throughout the

model domain. 

Adopting this approach it becomes crucial to provide subgrid-scale resolution of fluid flows. Indeed

the  horizontal  and  vertical  spatial  resolution  of  the  hydrodynamic  models  are  several  orders  of

magnitude larger than the length scales of larvae.

Early models used a simple scheme that updates the position of tracked particles based on spatially

interpolated model velocities with small random components.

As the field has developed, the particle tracking algorithms have became more sophisticated, with

increasing attention being paid to the statistical aspects of the subgrid-scale motion. The stochasticity

at subgrid scales creates an ensemble of trajectories for each starting location depending on the

small-scale features of the flow critical for eggs and larva.

Then, individual particle movements are tracked offline with Lagrangian Statistical Models (LSM),

assuming that  the evolution of particle velocity  and position in non-homogeneous,  non-stationary

turbulence can be represented as a Markovian process (e.g. Griffa 1996).

Generally a zero order Markovian process is adopted, also if recently some authors choose higher

order (e.g.  Paris et al. 07), to take into account the rotation of trajectories driven by submesoscale

coherent vortices .

The Lagrangian single-particle tracking algorithms for a zero order Markovian process,  are based

on the following equation:

d x
dt

=uu'ularva (1)

where  x ≡ x , y ,z  is  the  3D  location,  t is  the  time,  u ≡ u  x ,t  is  the  flow

velocity  at  the  resolved  scale,  u ' ≡ u '  x ,t  is  the  subgrid-scale  fluctuating  turbulent

component of the velocity field and u larva ≡ u larva  x ,t  is the individual larva's velocity.

In the following we present a review of several papers to compare the different approaches to solve

(1), as schematically  presented in Table  4.1
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The deterministic resolved-scale velocity u≡u x ,t  is generally provided by an Eulerian model

also  if  some  authors  obtained  it  directly  from  in  situ  data  (Heat  et  al.,  94).  In  both  case,  an

interpolation of these data is necessary to obtain a value in each particle position from gridded data

at each Lagrangian timestep.

Regarding horizontal interpolation, generally a linear one is done.

For example, Miller (98) interpolated from a finite triangular elements grid, while more frequently  is

performed an interpolation from a orthogonal curvilinear grid such as the one of ROMS model (e.g.

Carr et al., Lett et al.) or SYMPHONIE model (Cianelli et al.). Moreover, Peliz et al (04) adapted

AGRIF package (  http://www-lmc.imag.fr/MOISE/AGRIF/ ) to manage the communication of floats
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through the different nested model domains.

In  the  vertical  an  interpolation  is  necessary  too,  in  particular  from terrain-following  coordinate

Eulerian models. Again a linear interpolation is generally adopted (e.g. Lett07, Cianelli07) .

In temporal dimension, some author proposed a linear interpolation when the time interval of the

Lagrangian module is shorter than Eulerian model one (Miller98) but frequently the interpolation in

not performed  (Speirs, Lett, Cianelli, Paris) .

In this case, as pointed out by Guizen, the Lagrangian-model integration timestep is constrained by 2

factors. 

Table 4.1 

First, it depends on the Stokes number, i.e., the ratio of the particle to fluid response times. 

Second,  fluctuating velocities  should be updated every time a larva encounters  a new eddy.  This

particle-eddy interaction time can be defined as the minimum between the eddy life time and the eddy

transit time through a cell. The authors estimate that the particle-eddy interaction time is the transit

time of fast moving surface waves through a cell, i.e. close to the barotropic mode timestep of the 3D

eulerian model.  Then, theoretically the integration timestep for Eq. (1) should be lower than this

particle-eddy interaction time. At the same time, several studies in physical oceanography suggest

methods to evaluate error and sensitivity to time sampling for off line lagrangian particles, using for

example  Finite  Liapunov  Exponents

({{:Iudicone_etal_OceanModel02_SensitivityNumericalTracerTrajectories.pdf)  or  the  ensemble-

averaged  position  deviations  from  a  reference  case

{{:Valdivieso_Blanke_OceanModel04_lagrangianmethodsClimatologyTrajectoryError.pdf).

In practice, Guizen06 integrated Eq.(1) over the baroclinic timestep, considering that however i) the

circulation flow velocity  and the larva’s  own velocity  vary slowly and ii)  the  turbulent  velocities

provided by the Eulerian model are averaged over the baroclinic timestep.

The subgrid-scale fluctuating turbulent component of the velocity field u'≡u' x ,t  is sometime

completely  neglected  in  zooplankton  studies  and  Lagrangian  particles  treated  as  purely  passive

particles (Lett07, Allain03, Cianelli07). Other authors simulate the horizontal subgrid turbulence as

a  white  noise  (Speirs06).  In  Guizen06  the  turbulent  velocity  both  in  horizontal  and  vertical  is

obtained by randomly sampling a Gaussian distribution with standard deviation  2k /3 where k is

the Turbulent Kinetic Energy provided by the Eulerian model (in this specific case by the Gaspar et

al, 1990, turbulence closure submodel).

A  more  sophisticated  model  is  developed  by  Peliz04,  and  successively  adopted  by  Lett08,  as

regarding  the horizontal  diffusion.  Indeed,  horizontal  diffusion  is  based on a random component

introduced to the horizontal velocity vector using
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∣u '∣=2 Kh / t

where ∈[−1,1] is a real uniform random number and K
h

is the imposed explicit Lagrangian

horizontal diffusion of the form Kh=
1/3 l4 /3 where l is the unresolved subgrid scale (taken as

the  cell  size)  and  =10−9 m2s−3 is  the  turbulent  dissipation  rate  (e.g.,  Monin  and  Ozmidov,

1981).

In the vertical Peliz04 compute the random fluctuation associated with unresolved vertical turbulent

fluxes:

w '= 2K

1 /3 t


d K

dz

 where K  is the vertical heat turbulent diffusivity taken from the KPP (Large et al., 1991) turbulent

closure submodel. According to Ross and Sharples (2004)  a correct implementation of this equation

requires a timestep constraint  t≪min 1 /∣d
2 K∣

d z2  . This implies that the Lagrangian model has

to be implemented in a sub-timestep relative to the main baroclinic model timestep.

In the vertical,  Lett08 implemented a so-called “non-naive” random walk (Visser97)  where,  with

respect  to  classical  random  walk  models,  a  correction  term  is  used  to  make  the  random  walk

consistent with the physical description of non-uniform diffusivity.

where  represent the gradient of diffusivity.

Concerning  the  individual  larva's  velocity ularva≡ularva x ,t ,  the  reader  is  referred  to  the

previous paragraph?????

In order  to solve  Eq.  1 numerically,  several  numerical  schemes  can be employed.  The three  mot

widely used schemes are the Euler method (Parada et al, Guizien et al., 2006; Lett et al., 2007), the

Runge-Kutta (RK) method (Batchelder et al., 2002; Oliveira et al., 2002; Tittensor et al., 2003), and

the Adams-Bashfold-Moulton (ABM) method (Peliz et al., 2007; Carr et al., 2008; Qiu et al., 2008).

An advantage of the Euler scheme is that only one velocity field  is needed to calculate the particle

velocity at  the  new  particle  position,  which  conserves  computer  memory.

The main drawback of this method is that it is accurate to a first order only and therefore particle

trajectories may diverge from the real ones as the time advances unless the timestep is very small
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(Bennett and Clites, 1987).

The Runge-Kutta scheme is based on an iterative method of estimating the solution. Generally, the

order 4 scheme is adopted which requires more calculations and delivers a fourth order accuracy.

(4)

The advanced ABM method is a predictor-corrector method, combining the Adams-Bashford method

(the predictor step) and the advanced Adams-Moulton method (the corrector step).

Different  numerical  schemes  have  different  impacts  on  the  accuracy,  efficiency,  and  memory

requirements of the particle integration. Darmofal and Haimes (1996) found that multistage schemes

required at least three times more internal data storage than multistep schemes of equal order and for

timesteps within the stability bounds; however, multistage schemes were generally more accurate.

Garcia et al. (1999) compared the Euler and RK methods by using simple numerical experiments.

Finally, in a more advanced IBM where larval behaviour depends on thermodynamics, a coupling

between the Lagrangian and Eulerian model components is put in place for temperature and salinity

fields,  with  generally  trilinear  interpolation  at  the  particle  position  (Lett07,  Lett08,  Hinckley96,

Mullon03).

******************************************************************************

REFERENCES
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5.7 Example : Dispersion of copepods and medusae in the NW Mediterranean
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5.8 Example : Dispersion of waste products from aquaculture farms

A new numerical  benthic  degradative  module  FOAM (Finite  Organic  Accumulation Module)  has
been coupled with the advectiondispersion model POMLAMP3D in order to improve the prediction
of the potential impact of marine fish farms. Moreover, real historic currentmeter data are employed
to force the hydrodynamic and as are dispersion simulations and recent measurements of settling
velocity values specifically targeting Mediterranean fish species.
FOAM uses   the output  of   the other   functional  units  of   the modelling  framework to calculate  the
organic load on the seabed. It considers the natural capability of the seafloor to absorb part of the
organic   load.  Different  remineralization   rates   reflect   the   sediment   stress   levels  and are  used   to
compute the organic carbon concentration remaining on the seabed after degradation. Two sampling
campaigns have been performed in a typical Mediterranean fish farm in the warm and cold season in
2006 in order to measure the benthic response to the organic load and the mineralization rates under
Mediterranean conditions.  Organic  degradation for both uneaten feed and faeces  is  evaluated by
changing release modality (continuous and periodical)  and by varying the settling velocities.  The
results show that under Mediterranean conditions, the benthic response to the organic enrichment of
the bottom depends on water temperature.
We find that the introduced modelling framework successfully improves our predictive capability. It
can   therefore   represent   an   important   tool   in   the   decision   making   processes,   for   planning   and
monitoring purposes.
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5.9 Example : Lagrangian connectivity study in the Mediterranean
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5.10 Coherent Lagrangian structures and the Lyapunov exponents

From http://en.wikipedia.org/wiki/Lyapunov_exponent 

In mathematics the Lyapunov exponent or Lyapunov characteristic exponent of a dynamical system is
a quantity that characterizes the rate of separation of infinitesimally close trajectories. Quantitatively,
two trajectories in phase space with initial separation vector  Z≡ Z t diverge (provided that
the divergence can be treated within the linearised approximation) at a rate given by 

∣ Z t ∣ = e t ∣ Zot ∣  with Z o =  Z t=0

and  the Lyapunov exponent.

While this is  typically  studied in phase space,  we can also think of two particle  trajectories  in a
turbulent ocean, which is a dynamical system.

The  phase space is  an abstract space where the dynamic variables,  the degrees of  freedom,  or  the system parameters
constitute the coordinate system.

A dynamical system is a classical system whose evolution over time is:

causal, i.e., its future evolution only depends on the systems past and present; 

deterministic, i.e., once the initial condition is known, we can know all future states of the system. 

We thus exclude any systems that are intrinsically “noisy” as they are described by probability theory

E.g., pendulum http://www.mcasco.com/pend1.html 

The rate of separation can be different for different orientations of the initial separation vector. Hence
there  is  an  entire  spectrum  of  Lyapunov  exponents,  the  number  of  which  equals  the  number  of
dimensions n of the entire spectrum of n . Usually, we refer to the largest n as the Maximal
Lyapunov exponent (MLE), because it provides some information about the predictability of the
dynamical system under investigation. 
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In particular,  having MLE > 0 suggests  that  the
system  is  chaotic.  It  should  be  noted  that  any
initial separation vector will contain a component
in the direction of the MLE. However, due to the
exponential  growth  only  the  MLE  component
will  be  important  while  the  other,  smaller
components are quickly “forgotten”.

Definition of the MLE

 or 

with

while 

FSLEs are inversely proportional to the time required by 2 tracers to reach a certain separation.

5.10 Example : In situ observation of a hyperbolic point in the Gulf of Lion (LATEX10)
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5.11 Example : Studying FSLEs in the Gulf of Trieste using radar measurements
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Matlab programmes
(OLD VERSIONS, for 2018 see the web archive)

%% program to show that numbers are only pseudo-random and not really random
 
clear;close;
disp('PROGRAM TEST_RANDOM')
disp('*** without reset ***')
 
s = rand('state');
u1 = rand(10,1);
%rand('state',s);
u2 = rand(10,1); % contains exactly the same values as u1
[u1';u2']    
 
 
disp('*** with reset ***')
 
%Save the current state, generate 10 values, reset the state, and repeat the sequence.
s = rand('state');
u1 = rand(10,1);
rand('state',s);
u2 = rand(10,1); % contains exactly the same values as u1
[u1';u2']    

%% program to extract the pseudo-random numbers
%% 1) between 0 and 1 with uniform pdf
%% 2) between -inf and +inf with Gaussian pdf of zero mean
 
disp('PROGRAM HISTOGRAMS')
clear;close all;
 
imax=10000;
 
for i=1:imax
  r(i)=rand(1);
end
 
figure(1)
subplot(2,1,1)
intedge=0.1;
edges=[0:intedge:1];
N=histc(r,edges);
bar(edges,N./imax*100,'histc')
y(1:size(edges'))=intedge;
line(edges,y*100,'color','r')
ylabel('%')
 
pause(2)
 
devst=10;
for i=1:imax
 g=0;
 for ig=1:12
  r=rand(1);
  g=g+(r-0.5);
 end
 gg(i)=g.*devst;
end
 
subplot(2,1,2)
intedge=0.25;
edges=[-100:intedge:100];
N=histc(gg,edges);
bar(edges,N./imax*100,'histc')
var=devst^2;
y=1/sqrt(2*pi*var).*exp(-(edges).^2/(2*var));
line(edges,y.*intedge*100,'color','r')
ylabel('%')
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%% program to extract pseudo-random numbers
%% 1) between 0 and 1 with uniform pdf
%% 2) between -inf and +inf with Gaussian pdf of zero mean
 
disp('PROGRAM HISTOGRAMS')
clear;close all;
 
imax=10000;
 
for i=1:imax
  r(i)=rand(1);
end
 
figure(1)
subplot(2,1,1)
intedge=0.1;
edges=[0:intedge:1];
N=histc(r,edges);
bar(edges,N./imax*100,'histc')
y(1:size(edges'))=intedge;
line(edges,y*100,'color','r')
ylabel('%')
 
pause(2)
 
devst=10;
for i=1:imax
 g=0;
 for ig=1:12
  r=rand(1);
  g=g+(r-0.5);
 end
 gg(i)=g.*devst;
end
 
subplot(2,1,2)
intedge=0.25;
edges=[-100:intedge:100];
N=histc(gg,edges);
bar(edges,N./imax*100,'histc')
var=devst^2;
y=1/sqrt(2*pi*var).*exp(-(edges).^2/(2*var));
line(edges,y.*intedge*100,'color','r')
ylabel('%')

%% program to perform the Random Walk of more than one particle
clear;close;
 
disp('PROGRAM RANDOM_WALK_NPART');
 
ipmax=10;%number of particles
itmax=100;%[s]
devst=1;%[m]
 
 
figure(1);hold on;
axis([-50 50 -50 50])
text(-1,-1,'*','color','red','fontsize',20)
grid on;
xlabel('distance en direction x [m]');
ylabel('distance en direction y [m]');
 
 
for ip=1:ipmax
    
x(1)=0;
y(1)=0;
 
for it=2:itmax
 % displacement in x-direction
 g=0;
 for ig=1:12
  r=rand(1);
  g=g+(r-0.5);
 end
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 depx=g.*devst;
 % displacement in y-direction
 g=0;
 for ig=1:12
  r=rand(1);
  g=g+(r-0.5);
 end
 depy=g.*devst;
 % assign new location
 x(it)=x(it-1)+depx;
 y(it)=y(it-1)+depy;
 
end%for it
 
line(x,y,'color',[ip/ipmax 0 1-ip/ipmax])
text(51,51-ip*4,num2str(ip),'color',[ip/ipmax 0 1-ip/ipmax])
end%for ip
hold off;

%% program to calculate the particle concentration in each grid cell
 
clear;close all;
Xsource=5; % initial x position of particles
Ysource=5; % initial y position of particles 
ipmax=5; % number of particles
itmax=100; % number of time steps per day
imax=10; % size of matrix CONC in m (box containing the particles)
jmax=10; % size of matrix CONC en m
deltatime=50; % tie step (to calculate and trace CONC)
k=1.5*10^(-7); % diffusion coeff [m²/s]
xold(1:ipmax)=Xsource; %initial position
yold(1:ipmax)=Ysource;
 
 scrsz = get(0,'ScreenSize');
 figure('Position',[1 scrsz(4) scrsz(3) scrsz(4)]);
 
for it=1:itmax
devst=sqrt(2*k*3600*24); %standard deviation (in m)
 % initial condition using concentrations of zero
 CONC=zeros(10,10);
 for ip=1:ipmax
  % displacement in x direction
  g=0;
  for ig=1:12
   r=rand(1);
   g=g+(r-0.5);
  end
  depx=g.*devst;
    % displacement in y direction
  g=0;
  for ig=1:12
   r=rand(1);
   g=g+(r-0.5);
  end
  depy=g.*devst;
  % assign new location
  xnew(ip)=xold(ip)+depx;
  ynew(ip)=yold(ip)+depy;
  % boundary condition: closed boundary
  if(xnew(ip)<1 | xnew(ip)>100 | ynew(ip)<1 |  ynew(ip)>100)
   xnew(ip)=xold(ip);
   ynew(ip)=yold(ip);
  end%if
  % calculating concentrations
  ii=fix(xnew(ip));
  jj=fix(ynew(ip));
  CONC(jj,ii)=CONC(jj,ii)+1;
  % save the particle positions
  xmem(ip)=xnew(ip);
  ymem(ip)=ynew(ip);
  xold(ip)=xnew(ip);
  yold(ip)=ynew(ip);
 end%for ip
 
 
 
 subplot(1,2,1);hold on;
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 title(['it=',num2str(it)]);
 pcolor(CONC);
 colorbar;
 plot(xmem,ymem,'k+')
 axis([1 10 1 10])
 axis square
 xlabel('mesh index in x-direction');
 ylabel('mesh index in y-direction');
 
 subplot(1,2,2);hold on;
 axis([0 10 0 10])
 plot(xmem,ymem,'k+')
 contour(CONC)
 colorbar
 axis([1 10 1 10])
 axis square
 xlabel('mesh index in x-direction');
 ylabel('mesh index in y-direction');
  title([' CLICK ON THE FIGURE TO CONTINUE']);
waitforbuttonpress
 hold off; clf;
end %pour it

%% program to simulate the diffusion of a drop of ink in a glass
%% contribution by G.Ginoux
 
clear all;close all;scrsz = get(0,'ScreenSize');
 
disp('PROGRAM DIFFUSION')
 
Xsource=50; % initial particle positions (x)
Ysource=50; % initial particle positions (y)
ipmax=10000; %numbre of particles
itmax=1000; %number if time steps per day
imax=100; % size of matrix CONC in m (box containing the particles)
jmax=100; % size of matrix CONC en m
deltatime=50; %time step (to calculate and trace CONC)
k=10.5*10^(-7); %m²/s
devst=sqrt(2*k*3600*24); %standard deviation (in m)
xold(1:ipmax)=Xsource; %initial position
yold(1:ipmax)=Ysource;
 
for it=1:itmax
 it
 for ip=1:ipmax
  g=0;
  for i=1:12
   r=rand;
   g=g+(r-0.5);
  end
  depx=g*devst;
  h=0;
  for i=1:12
   r=rand;
   h=h+(r-0.5);
  end
  depy=h*devst;
  X(ip)=xold(ip)+depx;
  Y(ip)=yold(ip)+depy;
  % boundary condition
  if X(ip)<1 | X(ip)>100 | Y(ip)<1 | Y(ip)>100
   % closed boundary
   X(ip)=xold(ip);
   Y(ip)=yold(ip);
  end
  xold(ip)=X(ip);
  yold(ip)=Y(ip);
 end %pour ip
 
 %Afin de n'afficher la figure que tous les 'deltatimes' pas de temps
 if rem(it,deltatime)==0
  CONC=zeros(jmax,imax);
  devst
  for ip=1:ipmax
   %Calcule le nombre de particules dans chaque maille
   ii=fix(X(ip));
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   jj=fix(Y(ip));
   CONC(jj,ii)=CONC(jj,ii)+1;
  end
  
  close all
  figure('Position',[1 scrsz(4)/2 scrsz(3)/2 scrsz(4)/2]);
hold on;
  contourf(CONC(:,:)./ipmax,[0:1:20]./ipmax);shading flat;
  axis([-10 imax+10 -10 jmax+10])
  box on;
  colorbar;
  title('concentration specifique de particules par maille de grille');
   axis([1 100 1 100])
 axis square
 xlabel('mesh index in x-direction');
 ylabel('mesh index in y-direction');
 
  % Croix rouge (centée en 50,50)
  cf=repmat(50,1,100);
  cs=1:100;
  plot(cf,cs,'r-')
  plot(cs,cf,'r-')
 
  CONCf1=CONC(50,:)/sum(CONC(50,:));
  CONCf2=CONC(:,50)/sum(CONC(:,50));
  xx=[1:0.1:100];
  moy=50;
  yy=1/sqrt(2*pi*devst^2*it).*exp(-1/2*((xx-moy)./(devst.*sqrt(it))).^(2));
  
  figure('Position',[scrsz(3)/2 scrsz(4)/2 scrsz(3)/2 scrsz(4)/2]);
  subplot(1,2,1), plot(CONCf1); axis([40 60 0 0.3]); hold off;
  %Superposition de la gaussienne
  line(xx,yy,'color','r')
  xlabel('Concentration le long de la ligne horizontale');
  subplot(1,2,2), plot(CONCf2); axis([40 60 0 0.3]); hold off;
  %Superposition de la gaussienne
  line(xx,yy,'color','r')
  xlabel('Concentration le long de la ligne verticale');
  hold off;
    title([' CLICK ON THE FIGURE TO CONTINUE']);
  waitforbuttonpress;
 
 end %pour if
 
end %pour it

%% programme pour la advection diffusion d'une goutte d'encre
%% dans un champs de vitesse uniforme
 
clear all;close all;
figure(1)
disp('PROGRAM ADVECTION-DIFFUSION')
 
Xsource=50; %position en x initiale des particules
Ysource=50; %position en y initiale des particules
ipmax=10000; %nbre de particules
itmax=1000; %nbre de pas de temps en jour
imax=100; %taille de la matrice CONC en m (boite où sont enfermée les particules)
jmax=100; %taille de la matrice CONC en m
deltatime=50; %pas de temps (pour calculer et tracer CONC)
k=10.5*10^(-7); %m²/s
devst=sqrt(2*k*3600*24); %ecart type (en m)
xold(1:ipmax)=Xsource; %initial posisition
yold(1:ipmax)=Ysource;
U=0.1;%[m/s]
V=0;%[m/s]
deltaT=1;%[s]
 
for it=1:itmax
 it
 for ip=1:ipmax
  g=0;
  for i=1:12
   r=rand;
   g=g+(r-0.5);
  end
  depx=g*devst;
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  h=0;
  for i=1:12
   r=rand;
   h=h+(r-0.5);
  end
  depy=h*devst;
  X(ip)=xold(ip)+depx+U*deltaT;
  Y(ip)=yold(ip)+depy+V*deltaT;
  % condition à la frontière
  if X(ip)<1 | X(ip)>100 | Y(ip)<1 | Y(ip)>100
   %frontière fermée
   X(ip)=xold(ip);
   Y(ip)=yold(ip);
  end
  xold(ip)=X(ip);
  yold(ip)=Y(ip);
 end %pour ip
 
 %Afin de n'afficher la figure que tous les 'deltatimes' pas de temps
 if rem(it,deltatime)==0
  CONC=zeros(jmax,imax);
  devst
  for ip=1:ipmax
   %Calcule le nombre de particules dans chaque maille
   ii=fix(X(ip));
   jj=fix(Y(ip));
   CONC(jj,ii)=CONC(jj,ii)+1;
  end
  figure(1);hold on;
  contourf(CONC(:,:)./ipmax,[0:1:20]./ipmax);shading flat;
  axis([-10 imax+10 -10 jmax+10])
  box on;
  colorbar;
  title('concentration specifique de particules par maille de grille');
  % Croix rouge (centée en 50,50)
  cf=repmat(50,1,100);
  cs=1:100;
  plot(cf,cs,'r-')
  plot(cs,cf,'r-')
pause(1)
hold off; clf reset
 end %pour if
 
end %pour it

%% programme pour la advection diffusion avec un source de particules
%% dans un champs de vitesse uniforme
clear all;close all;
figure(1)
disp('PROGRAM ADVECTION-DIFFUSION CONTINOUS RELEASE')
 
Xsource=50; %position en x initiale des particules
Ysource=50; %position en y initiale des particules
ipmax=5000000; %nbre de particules
iprelease=100;
itmax=ipmax/iprelease; %nbre de pas de temps en jour
imax=100; %taille de la matrice CONC en m (boite où sont enfermée les particules)
jmax=100; %taille de la matrice CONC en m
deltatime=50; %pas de temps (pour calculer et tracer CONC)
k=1.5*10^(-7); %m²/s
devst=sqrt(2*k*3600*24); %ecart type (en m)
U=0.1;%[m/s]
V=0;%[m/s]
deltaT=1;%[s]
activity(1:ipmax)=0;
 
for it=1:itmax
 it
 activity(it:it+9)=1;
 xold(it:it+iprelease-1)=Xsource;
 yold(it:it+iprelease-1)=Ysource;
 for ip=1:ipmax
     if activity(ip)==1;
  g=0;
  for i=1:12
   r=rand;
   g=g+(r-0.5);
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  end
  depx=g*devst;
  h=0;
  for i=1:12
   r=rand;
   h=h+(r-0.5);
  end
  depy=h*devst;
  X(ip)=xold(ip)+depx+U*deltaT;
  Y(ip)=yold(ip)+depy+V*deltaT;
  % BOUNDAY CONDITION
  if X(ip)<1 | X(ip)>100 | Y(ip)<1 | Y(ip)>100
   %closed boundary
   X(ip)=xold(ip);
   Y(ip)=yold(ip);
   % particles that leave (no longer active)
   activity(ip)=0;
  end
  xold(ip)=X(ip);
  yold(ip)=Y(ip);
     end%if activity(ip)=1;
     
 end %pour ip
 
 %Afin de n'afficher la figure que tous les 'deltatimes' pas de temps
 if rem(it,deltatime)==0
  CONC=zeros(jmax,imax);
  devst
  for ip=1:ipmax
      if activity(ip)==1;
   %Calculate the number of particles in each grid cell
   ii=fix(X(ip));
   jj=fix(Y(ip));
   CONC(jj,ii)=CONC(jj,ii)+1;
      end%if activity(ip)=1;
  end
  figure(1);hold on;
  contourf(CONC(:,:)./ipmax,[0:1:20]./ipmax);shading flat;
  axis([1 imax 1 jmax])
  box on;
  colorbar;
  title('concentration specifique de particules par maille de grille');
  % Red X (centred on 50,50)
  cf=repmat(50,1,100);
  cs=1:100;
  plot(cf,cs,'r-')
  plot(cs,cf,'r-')
pause(1)
hold off; clf reset
 end %pour if
 
end %pour it
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Problems from previous exams

155



OPB306 and OPB309 Master of Marine Sciences Specialisation OPB

156



OPB306 and OPB309 Master of Marine Sciences Specialisation OPB

Academic year 20182019  
Single Session

OPB306 – Lagrangian Approach: fundamentals

Duration: 2 hours                 Documents : none allowed                 Calculator: allowed

Answers must be as concise and precise as possible.

Part A.Doglioli

1)  What is the difference between an Eulerian and a Lagrangian approach?

2)  How do vortices form downstream from capes/headlands?

3)  Explain cyclogeostrophic balance.

4)  Describe and explain the different techniques for identifying and tracking oceanic eddies.
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Academic Year 20182019  
Single Session

OPB309 – Lagrangian Approach: sampling strategies

Duration : 2 hours                 Documents : none allowed                 Calculator : allowed

Answers must be as concise and precise as possible.

Part A.Doglioli

1)   Explain the different terms in the integral form of the conservation equation for a generic
property ψ

2)   What is a random walk model?

*** ATTENTION ! write the answers on separate sheets ***

Part A.Petrenko

3)   Describe   an   inertial   oscillation   (0I)   in   a   twolayer   medium   with   wind   forcing
perpendicular to the coast. What is the definition (and unit) of the inertial frequency for a
particular   latitude?  Calculate   the  inertial   frequency and periods  of   inertial  oscillations  (in
hours) at two latitudes: 20° and 60°; comment. 
Indicate two data analysis techniques to detect inertial oscillations. 

*** ATTENTION ! write the answers on separate sheets ***

Part F.d'Ovidio

4)   What are the typical scales (spatial and temporal) of the meso and submesoscale? How
can the dynamics of an eddy affect the dynamics of phytoplankton? (one or two mechanisms
to  choose   from).  Can you  identify  and describe   some coupling  mechanisms  between  the
mesoscale, the submesoscale, and the pelagic food web?
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Academic year 20192020  
Single Session

OPB306 – Lagrangian Approach: fundamentals

Duration : 2 hours                 Documents : none allowed                 Calculator : allowed

Answers must be as concise and precise as possible.

Part A.Doglioli

1) Explain the process of flow separation near a cape/headland?

2)  Why to mesoscale anticyclones tend to drift toward the equator?

3)    What is the difference between an irrotational vortex and a rigidbody vortex?

Part A.Petrenko

4)  Write  down the Omega equation  and  the vector  Q,  explaining  briefly  what  each  term
means. What are the underlying assumptions of this equation? 

159



OPB306 and OPB309 Master of Marine Sciences Specialisation OPB

Academic Year 20192020  
Single Session

OPB309 – Lagrangian Approach: sampling strategies

Duration : 2 hours                 Documents : none allowed                 Calculator : allowed

Answers must be as concise and precise as possible.

Part A.Doglioli

1)   Explain   the   functioning   of   a   piece   of   code   to   calculate   the   Finite   Size   Lyapunov
Exponents (FSLE)

2)   What is a numerical particle model?

*** ATTENTION ! write the answers on separate sheets ***

Part A.Petrenko

3)   Describe an inertial oscillation (0I) in a twolayer medium. Identify three data analysis
techniques to detect inertial oscillations. 

*** ATTENTION ! write the answers on separate sheets ***

Part F.d'Ovidio

4)   Provide some examples of how satellite  altimetry data can be used to study mesoscale
processes in the ocean. Briefly discuss the limitations of altimetry data. 
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Do you mean “particle tracking model”?


