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Qu’est ce qu’'une donnée fonctionnelle ? Quelques exemples

Courbes échantillonnées
@ En oceanographie, les données sont souvent des courbes
échantillonnées

Distribution de taille de zooplancton

D. Nerini, B. Ghattas / Computational Statistics & Data Analysis 51 (2007) 4984—-4993 4085
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Fig. 1. Zooplankion size spectra. Each curve is a density which arises from a digital imaging system designed for estimating the size distribution of

kton net samples (Grosjean et al., 2004).
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Qu’est ce qu’'une donnée fonctionnelle ? Quelques exemples

Courbes échantillonnées
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dissolved oxygens (%)

salinity (S1)

FDA

temperature (°C)
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Qu’est ce qu’'une donnée fonctionnelle ? Quelques exemples

Courbes multiples échantillonnées

Emprunte optique d’un dinoflagellé Ceratium

— FWS — SWS — FLR

Intensity
(mV)
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Qu’est ce qu’'une donnée fonctionnelle ? Quelques exemples

Courbes appariés échantillonnées

Contour d’otolithe
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Qu’est ce qu’'une donnée fonctionnelle ? Quelques exemples

Images satellites

(SST) Brute, lissée & dérivée spatiale
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Definition
Une données fonctionnelles est I'échantillon d’'une variable aléatoire
indicée par un argument

@ Nombreuses observations bruitées
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Definition
Une données fonctionnelles est I'échantillon d’'une variable aléatoire
indicée par un argument

@ Nombreuses observations bruitées
@ Beaucoup de points échantillonnés
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Definition
Une données fonctionnelles est I'échantillon d’'une variable aléatoire
indicée par un argument

@ Nombreuses observations bruitées
@ Beaucoup de points échantillonnés
@ La grille d’échantillonnage peut changer d’une courbe a I'autre

ATTENTION
@ Impossibilité de créer un tableau de données !
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Definition
Une données fonctionnelles est I'échantillon d’'une variable aléatoire
indicée par un argument

@ Nombreuses observations bruitées
@ Beaucoup de points échantillonnés
@ La grille d’échantillonnage peut changer d’une courbe a I'autre

ATTENTION
@ Impossibilité de créer un tableau de données !

@ Hypothése clef : régularité
i (t) = Yi(t) +=i ()

ol Y; (1) est la donnée brute, Y; (t) une courbe réguliere et &; (1)
un résidu.
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De la données brute a une fonction Régression linéaire

@ A partir de I'échantillon Y = (Y (t;),---, Y (t,))’, on crée une
combinaison linéaire de K fonctions de base fixées d’avance
{¢17"' 5¢K} tel que

K
Y(1)=> ckor(t)+e(t).
pa
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De la données brute a une fonction Régression linéaire

@ A partir de I'échantillon Y = (Y (t;),---, Y (t,))’, on crée une
combinaison linéaire de K fonctions de base fixées d’avance

{¢17"' a(;SK} tel que
K
Y(1)=> ckor(t)+e(t).
k=1

@ Lestimation des paramétres ¢ = (¢, - - - , Cx)’ est réalisée par
régression des moindres carrés en minimisant :
SSE (c) = (Y — &c)' (Y — &c)
@ Solution similaire a celle d’'une régression classique :
¢=(¢'0) ' &Y
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De la données brute a une fonction Régression linéaire

@ A partir de I'échantillon Y = (Y (t;),---, Y (t,))’, on crée une
combinaison linéaire de K fonctions de base fixées d’avance
{¢17"' 5¢K} tel que

K
Y(1)=> ckor(t)+e(t).
pa

@ Lestimation des paramétres ¢ = (¢, - - - , Cx)’ est réalisée par
régression des moindres carrés en minimisant :

SSE (c) = (Y — &c)' (Y — &c)
@ Solution similaire a celle d’'une régression classique :
¢=(¢'0) ' &Y

@ Finalement la courbe est reconstituée avec :

K
Y(t)=> ekex (1)
k=1
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De la données brute a une fonction Régression linéaire

@ A partir de I'échantillon Y = (Y (t;),---, Y (t,))’, on crée une
combinaison linéaire de K fonctions de base fixées d’avance
{¢17"' 5¢K} tel que

K
Y(1)=> ckor(t)+e(t).
pa

@ Lestimation des paramétres ¢ = (¢, - - - , Cx)’ est réalisée par
régression des moindres carrés en minimisant :
SSE (c) = (Y — &c)' (Y — &c)
@ Solution similaire a celle d’'une régression classique :
¢=(¢'0) ' &Y

@ Finalement la courbe est reconstituée avec :
K
Y(t) =) tkox (1)
k=1

@ Dimension réduite quand K < p
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De la données brute a une fonction Régression linéaire

@ On peut rajouter des contraintes (régularité, positivité, convexité,
monotonie, .. .)

1 n
SSE ()= - > (v — f(t))* + A x |[LfI?
i=1

Gorgones soumises a un stress thermique

D. NERINI (MIO) FDA MQEM, 2017 10/70



Traitement des courbes Notions de base

Statistiques de base

Temp. / Prec. en France (moyenne 1960-2000)
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Traitement des courbes Notions de base

Fonction moyenne et fonction variance

Température en France

Functional Data Standard Deviation Function
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Traitement des courbes Notions de base

Opérateur de corrélation & de Variance

Fonction bivariée de corrélation

p(S,t):*

()) (Y/(S;(—S)V(S)>
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Traitement des courbes Choix de la base

Ajustement des données

@ Laugmentation du nombre K de fonctions de base conduit a un
meilleur ajustement

@ Le choix de la base dépend des données (base de Fourier,
B-splines, polynémes, ...)

Température ajustée a Marseille \ Base de Fourier

D. NERINI (MIO)
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Analyse de la variabilité Courbes uniques

ACP fonctionnelles

@ Objectifs : En utilisant les données {% e \A/,,} trouver la

meilleure projection 2D des observations qui sont des courbes
@ La position des individus dans I'espace factoriel est interprétée
comme un changement dans la forme des courbes
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Analyse de la variabilité Courbes uniques

ACP fonctionnelles

@ Objectifs : En utilisant les données {% e \A/,,} trouver la

meilleure projection 2D des observations qui sont des courbes
@ La position des individus dans I'espace factoriel est interprétée
comme un changement dans la forme des courbes
@ Le probleme de projection se résume a la décomposition
spectrale de I'opérateur de variance-covariance Vy
(décomposition aux valeurs propres)

Vy&k = Mk
ce qui est équivalent a

/DVy(S, ) € (5) ds = Mk (1), t € D
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Analyse de la variabilité Courbes uniques

ACP fonctionnelles

@ Objectifs : En utilisant les données {% e \A/,,} trouver la
meilleure projection 2D des observations qui sont des courbes

@ La position des individus dans I'espace factoriel est interprétée
comme un changement dans la forme des courbes

@ Le probleme de projection se résume a la décomposition
spectrale de I'opérateur de variance-covariance Vy
(décomposition aux valeurs propres)

Vy&k = Mk
ce qui est équivalent a

/DVy(S, ) € (5) ds = Mk (1), t € D

@ Fonctions & (t) associées aux valeurs propres Ak.
@ Décomposition aux v. p. des courbes équivalente a celle réalisée
sur les coefs de la décomposition a une métrique ® prét.
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Analyse de la variabilité Courbes uniques

Représentations de I’ACPF

@ La représentation 2D des individus est classique

Représentation factorielle 2D
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Représentation de I’ACPF

Harmonic 1

Représentation 2D des variables comme une perturbation de la

courbe moyenne Y (t) + v/Ax&k (t) lors d’'un déplacement le long
d’un axe factoriel

PCA function 1 (Percentage of variability 87.1) PCA function 2 (Percentage of variability 12 )
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Analyse de la variabilité Fonction bivariée

Autre representation

@ Analyse procustéenne + SPM entre espace géographique et
espace projectif

De la position GPS a I'’espace factoriel

Deformation grid
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Analyse de la variabilité Fonction bivariée

Extension : splines vectorielles

Comparaison sorties de modéles / images MODIS

@ Permet d’évaluer spatialement I'efficacité d’'un modéle
@ Trouver une mesure de distance entre deux surfaces
@ Nécessité de régulariser les deux objets

D. NERINI (MIO) FDA MQEM, 2017 19/70



variabilité smoothing with TPS

Analyse de la

Modele OPA, champ observé & approximé
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Functional linear prediction introduction

Prec. profile / Temp. profile

@ Starting from a sample (P, 7',-),-:17_,_ n» We want to explain
variations of profile P using functional variable T as predictor.

Precipitation curves

temperature curves
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Functional linear prediction introduction

@ The simplest form of the model is
Pi(t) =a+ BT (t) +<i (1)

Example : P(f) =3 x T(t) + 4

Time (m)
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Functional linear prediction introduction

@ OK but ... limited flexibility
@ and curve shape cannot be modified. Try a more complex version :
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Functional linear prediction introduction

@ OK but ... limited flexibility
@ and curve shape cannot be modified. Try a more complex version :

Example : P(t) = B(t) x T(t) + a(t)
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Functional linear prediction Basics

@ In both cases, solutions are those of standard linear regression
@ Interactions at same time ¢
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Functional linear prediction Basics

@ In both cases, solutions are those of standard linear regression
@ Interactions at same time ¢
@ Full Functional Linear Model :

Pi(t) = a(t) + B(Ti) (1) +&i (1)

/Bst

is a linear operator of finite trace (HS) with kernel function .
@ Functional coefficients o and 3 are solution of the normal

where

equations :
BUr = Vrp
a = pp—B(ar)
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Functional linear prediction Basics

@ PROBLEM : In infinite dimension, no solution can be found when
computing : L
B= V-
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Functional linear prediction Basics

@ PROBLEM : In infinite dimension, no solution can be found when

computing : L
B= V-

@ SOLUTION : the use of regularization method

@ Tikhonov B

B=Vmp (ml + \77)
@ Spectral cut regularized inverse
B= Vi
with
Ej & Ej

HM»

@ Precipitation curve in new town n+ 1 is predicted with
Pt = (1) + B(Tpi1)
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Functional linear prediction Basics

Example : Regularized V7

Vx with 3 eigenfunctions

Jul Aug Sep Oct Nov Dec

Month

Jan Feb Mar Avr May Jun

22

Ve
T T T T T T T T T T T T
Jan Feb Mar Avr May Jun Jul Aug Sep Oct Nov Dec

Month
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Functional linear prediction
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Elephant seals dataset introduction

@ Since a decade, marine mammals constitute valuable auxiliaries
for operational oceanography
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Elephant seals dataset introduction

@ Since a decade, marine mammals constitute valuable auxiliaries
for operational oceanography
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phant seals dat introduction

Elephant seals dataset

v




Elephant seals dataset introduction
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Elephant seals dataset introduction
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Elephant seals dataset introduction
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Elephant seals dataset introduction

D. NERINI (MIO) MQEM, 2017 36/70



Elephant seals dataset introduction
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Elephant seals dataset introduction
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Elephant seals dataset introduction
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Elephant seals dataset introduction

NERINI (MIO) FDA MQEM, 2017 44/70




Elephant seals dataset introduction
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Elephant seals dataset introduction
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Sampled data

<
% _
E E
£ g
g g i
6‘0 8‘0 180 1;0 1;0 1;0 D‘,O 0‘5 170 1'5
Light (W/m?) Chi-A (mg/l)
Pmax ,
Clp) = / B(s. H)L/(s)ds + £(t)
0
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Elephant seals dataset Variance Operators

ChlA Variance function

Variance function Chl-A (ug/l)
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Elephant seals dataset Variance Operators

Cross-covariance function

Covariance function light (W/m2) / Chl-A (ug/l)
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Elephant seals dataset Fitted data

Using the model

Prediction
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Spatial functional linear model Position of the problem

@ Consider a collection of curves E = {Y;,i =1,...,n} sampled at
n random spatial position inside a domain D

@ Each observation is a realization of a functional random variable
Y; at position x; € D, where H is an Hilbert space equipped with
standard inner product (-, -),, and the associated norm ||-||,,.
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Spatial functional linear model Position of the problem

@ If we admit second order stationarity assumptions, the mean
function 1 (t) is the same at any point of the domain

E(\/I):/% vx; € D
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Spatial functional linear model Position of the problem

@ If we admit second order stationarity assumptions, the mean
function 1 (t) is the same at any point of the domain

E(\/I):/% vx; € D

@ The covariance operator Cj; such that

Ci=E[(Yi-m e (Y-
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Spatial functional linear model Position of the problem

@ If we admit second order stationarity assumptions, the mean
function 1 (t) is the same at any point of the domain

E(\/I):/% vx; € D

@ The covariance operator Cj; such that

Ci=E[(Yi-m e (Y-

only depends on the vector h between a function Y; at position Xx;
and Y; at position x; = X; — h

Cj(f) = [(Y'—u) (Yj—ﬂ)(f)]
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Spatial functional linear model Position of the problem

@ We seek to estimate Yy, the curve at unknown location xg, with
the linear model

n
Yo=> Bi(Y)
i=1
with B; :H — H being linear operators such that

B, (f) (t) = /5,- (s,1)f(s)ds, ¥f € 1, Vier
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Spatial functional linear model Position of the problem

@ We seek to estimate Yy, the curve at unknown location xg, with
the linear model

n
Yo=> Bi(Y)
i=1
with B; :H — H being linear operators such that

B, (f) (t) = /5,- (s,1)f(s)ds, ¥f € 1, Vier

@ The B;s € B(H) the space of HS operators equipped with the
inner product

V(A B) € B?(H), (A,B)z=>_ (A(Uk), Uy (B(Uk), tp)y
k.l

where the functions uy form an orthonormal basis of H.
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Spatial functional linear model Conditions of unbiasedness

@ Looking for an unbiased estimator leads to develop the following
equation

E(%— Y0> —0,

which, under second order stationarity assumptions, gives the
unbiasedness condition

> Bi| (1) =p
i=
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Spatial functional linear model Conditions of unbiasedness

@ Looking for an unbiased estimator leads to develop the following
equation

E(%— Y0> —0,

which, under second order stationarity assumptions, gives the
unbiasedness condition

> Bi| (1) = p.
e

@ Interesting, but the mean function p is unknown !
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Spatial functional linear model Conditions of unbiasedness

@ Trying to extend the previous condition to the more general
constraint

n
Y Bl (f)=f vfen
i=1
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Spatial functional linear model Conditions of unbiasedness

@ Trying to extend the previous condition to the more general
constraint

n
Y Bl (f)=f vfen
i=1

leads to find operators B; checking

n
Z B =1
i=1
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Spatial functional linear model Conditions of unbiasedness

@ Trying to extend the previous condition to the more general
constraint

(f)="f, VfeH

n
2.5
i=1

leads to find operators B; checking

n
> Bi=1I
i=1

@ Damn it! The Identity operator is NOT an integral operator over H
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Spatial functional linear model A smoother Hilbert space

@ Reconsider the last condition with

n
> B=K
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Spatial functional linear model A smoother Hilbert space

@ Reconsider the last condition with

n
> B=K

where K would be a linear operator which should verify

K(f)y = f VfeH
KeB(H) < |K|% <o

@ Can we found a Hilbert space where such an operator exists ?
The answer is YES.
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Spatial functional linear model Reproducing Kernel Hilbert space

@ Let now H be a RKHS. This space owns a reproducing kernel
function « defined as

K : 7TXx17—=R
(s.t) — r(s?)

which checks the following conditions

vVt € 1, k(,t)EH
Vo€ m VEeH, (k(L1), = (D).
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Spatial functional linear model Reproducing Kernel Hilbert space

@ Let now H be a RKHS. This space owns a reproducing kernel
function « defined as

K : 7TXx17—=R
(s.t) — r(s?)

which checks the following conditions

vVt € 1, k(,t)EH
Vo€ m VEeH, (k(L1), = (D).

@ The operator K attached to the kernel function « verifies K (f) = f
e Itis a HS operator < ||K|% < oo
@ The form of K is entirely attached to the choice of (-, -),,.
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Spatial functional linear model A broader form for the functional linear model

@ We now consider the problem of finding an estimator
- n
Yo=>)_Bi(Y)
i=1

for which B; (Y;) (t) = (Bi (., 1), Yi)y
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Spatial functional linear model A broader form for the functional linear model

@ We now consider the problem of finding an estimator
- n
Yo=>)_Bi(Y)
i=1

for which B; (Y;) (t) = (Bi (-, 1), Yi)y
@ The constraint for unbiasedness can be extended to

n
Y Bi=K
i=1

for suitable choice of a RKHS # possessing a kernel operator K
which plays the role of an identity operator
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Spatial functional linear model A broader form for the functional linear model

@ We now consider the problem of finding an estimator
- n
Yo=>)_Bi(Y)
i=1

for which B; (Y;) (t) = (Bi (-, 1), Yi)y
@ The constraint for unbiasedness can be extended to

n
Y Bi=K
i=1

for suitable choice of a RKHS # possessing a kernel operator K
which plays the role of an identity operator

@ The objective is now to find estimates of B;, i = 1, ..., nby
constrained minimization of

~ 2
E[[% -,
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Spatial functional linear model Constrained optimization

~ 2
@ Seeking the minimizer of E H Yo — YOHH under the constraint
>-7 , Bi = K leads to solve the constrained problem

min ZZ B;, CiB;),, + (K, COO>B_ZZ<CI'07BI>B
i

(By,...,Bn) €B"(H)
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Spatial functional linear model Constrained optimization

~ 2
@ Seeking the minimizer of E H Yo — YOHH under the constraint
>-7 , Bi = K leads to solve the constrained problem

min ZZ B;, CiB;),, + (K, COO>B_22<CI'07BI>B
i

(By-...Bn) €B"(H)

@ The constraint can be included into the minimization problem by
constructing the functional F such that

F(Bi,...Bn,N) = > Y (B, CiBi)y+ (K, Coo)g 22 10, B,
i

+2 x <A,ZB,-—K>
i

where A € B (H) acts as a Lagrange multiplier

B
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Spatial functional linear model Constrained optimization

@ Let 6§F be the Gateaux differential of F at B; in direction A such
that

68 F (B, ..r, Biy s B, ) =
lim. o L [F (B, ... Bi+ €A, ..., Bo,A) — F (By, ..., Bi, ..., Bn, N)]
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Spatial functional linear model Constrained optimization

@ Let 6§F be the Gateaux differential of F at B; in direction A such
that

68 F (B, ..r, Biy s B, ) =
lim. o L [F (B, ... Bi+ €A, ..., Bo,A) — F (By, ..., Bi, ..., Bn, N)]

@ This limit exists for all A and, thanks to the self-adjoint property of
Cj;, can easily be computed for all i = 1,...,n as

5§/F(B17"'7Bi7"'78na/\) — 2<Z C’/Bli C/O+A,A>
/ B

O8F (By,....,Bj,....Bn,\) = <ZB,-K,A>
i B
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Spatial functional linear model Constrained optimization

@ Let 6§F be the Gateaux differential of F at B; in direction A such
that

68 F (B, ..r, Biy s B, ) =
lim. o L [F (B, ... Bi+ €A, ..., Bo,A) — F (By, ..., Bi, ..., Bn, N)]

@ This limit exists for all A and, thanks to the self-adjoint property of
Cj;, can easily be computed for all i = 1,...,n as

5§/F(B17“'7Bi7"'78na/\) == 2<Z C’/Bli Cj0+/\,A>
/ B

O8F (By,....,Bj,....Bn,\) = <ZB,-K,A>
i B

@ A sufficient condition required to find the mimimum of F is to make
all its (n + 1) Gateaux directional derivatives equal to 0
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Spatial functional linear model Kriging solution

@ The solution to the previous minimization problem provides a
system of (n+ 1) equations

ZC,‘/B/'—F/\ = Cj, I=1,...,n
i

ZB,- = K

i

which forms the functional kriging system.
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Spatial functional linear model A practical solution

@ PROBLEM : computers do not love infinite dimensional spaces
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Spatial functional linear model A practical solution

@ PROBLEM : computers do not love infinite dimensional spaces

@ SOLUTION : the use of basis functions

@ We consider that each profile arrives as a linear combination of
known orthonormal basis functions ¢

o
Yi(t) = ak(x) éx (1)
k=1

@ The space H that is spanned by functions Y; is a finite
dimensional Hilbert space with inner product

¥(1.9) < 12 (.0 = [ (g (e
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Spatial functional linear model A practical solution

@ PROBLEM : computers do not love infinite dimensional spaces

@ SOLUTION : the use of basis functions

@ We consider that each profile arrives as a linear combination of
known orthonormal basis functions ¢

o
Yi(t) = ak(x) éx (1)
k=1

@ The space H that is spanned by functions Y; is a finite
dimensional Hilbert space with inner product

¥(1.9) < 12 (.0 = [ (g (e

@ This space owns a reproducing kernel function for any set
(¢1, ..., ¢p) defining an orthonormal basis in H

p
K(s t) = o (s)ok(t)
@ The matrix form of the operator K reduces to the identity I,
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Spatial functional linear model A practical solution

@ In that case, the functional kriging problem boils down to a
standard cokriging problem working with the coefficients of the

basis expansion of each Y;

@ The search for the weighting function g; of the kriging estimator

\Afo(t):i/ﬁi(s,t)\/,-(s)ds, Vier
=177

reduces to solve the following kriging matrix system

Ci1 -+ Cm | B, Co1
C1n t Cnn I Bn - COn
- Il O A |
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Spatial functional linear model A practical solution

@ In that case, the functional kriging problem boils down to a
standard cokriging problem working with the coefficients of the
basis expansion of each Y;

@ The search for the weighting function g; of the kriging estimator
R n
o)=Y [ (s Yi(e)ds vier
=177

reduces to solve the following kriging matrix system

Ci1 -+ Cm | B, Co1
C1n t Cnn I Bn - COn
- Il O A |

@ The problem is now to find admissible estimators for the C;;
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Spatial functional linear model Choice of the basis

@ Each prdfile is expanded into a Legendre polynomial basis where
coefficients are estimated by quadrature using a spline
regularization procedure

B

- 555554%%+++++
" IR

coefficient value
spline and polynomial profiles

1000
I

012 3 4567 8 9 10111213 14

degree temperature (°C)

@ One can use more polynomial coefficients than the number of
sampled points and still achieve a nice polynomial fit
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Spatial functional linear model Variogram estimation on coefficients

@ The estimation of the covariance structures is realized through the
fit of a linear coregionalization model

@ We suppose that the matrix C(h) of cross-covariances between
coefficients is proportional to a number s of correlation real
functions p,(h) such that

Ch) =" Pupu(h)

where P, are positive semi-definite coregionalization matrices

@ In practice, the estimation of the matrices P, is carried out through
weighted least squares fitting of variogram models to experimental
data

@ Here, s = 2, the covariogram models are exponential with 2 scales
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Spatial functional linear model Curve estimation
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Spatial functional linear model Curve estimation
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Spatial functional linear model Some perspectives

@ We dispose of a small sized sample {(Xj, Y;),i=1,---,n}

@ How can we use cross-covariance information to improve
prediction on X or Y ?
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Spatial functional linear model Unavoidable references
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