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.Vertical velocities :

- Where ? Upwellings, fronts, eddies

— Very hard to measure since often very small << compared to u and v

- Studied with numerical models, ex estimated thanks to Omega equation

«Key role on biogeochemistry and biological processes:

‘ueadQ J0JedJs|\ op dllellxs ainbi4

— Vertical dynamics ===> carbon sequestration at depth
(Lévy et al., 2001 ; Mahadevan, 2016). advection of Organic Matter downward
advection of nutriments upward in the euphotic zone

Phytoplankton developpement



Omega equation to obtain vertical velocity 2021

Q-vector Omega equation (Hoskin et al., 1978)

- f: Coriolis parameter (s1)
- w : vertical velocity (m s™)

azw - N2 : Brunt Vaisala frequency
f2 azz+vh(Nz°Vhw)=V'Q - Q : Q-vector
[ Quasi-geostrophic solution }
(" )
oV oV

—( 8 g 4 g

_(pu o x 'V'ﬂ’pn 0y Vo)
\ Vg : geostrophic horizontal velocity )




Omega equation to obtain vertical velocity 2021

Q-vector Omega equation (Hoskin et al., 1978)

- f: Coriolis parameter (s1)
- w : vertical velocity (m s™)

azw - N2 : Brunt Vaisala frequency
FEEV(NVw)=V.0 e
[ Quasi-geostrophic solution }
4 )
oV oV du,dp 0v, o

—( 8 g g " ¢ P, P

_(pf.} ax -Vp,pﬂ ay Vp) Q 90(81 61 6.1' ay
\ Vg : geostrophic horizontal velocity ) o u, o ,O 6v dp
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Q.= pﬁ(ﬁy ox cy ay)



Omega equation to obtail
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_ Interpolation Obijective Omega _
Introduction . : ' Conclusion
grid mapping Equation

+‘Preliminary” step:
— Determine a structure of interet (front, eddy).

.Step 1 : Determine the size of the interpolation grid.
.Step 2 : Objective mapping (interpolation of data p, u, v).

Preparation inputs to the solver

.Step 3 : Calculation of w with the Omega solver.
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40°N o E
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. 20, 0> = - Selection of transects
£ across the front
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Longitude - . Transect 2: 11 May 10:00 am - 4:40 pm
RV Beautemps-Beaupre trajectory Transect 3: 11 May 6:00 pm - 12 May 00:45 am

Transect 4: 12 May 2:00 am - 8:20 am
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— Arakawa C grld Ci-Lj+1 Cij+l Ci+lj+1
— The inputs must have the following sizes : " 1,!-?1_ .o U is1y%1
- P(LAL M+1,N) | . np of grid meshes in the x axis i1 Vid i iy A
- u(L, M+1, N) M : nb of grid meshes in the y axis ciij Cij Cinty
- v(L+1, M, N) N : nb of grid meshes in the z axis Ay h_l_i. ’U” 0 i1,
Vi-1,] Vij Vi+l,j
==> w(Lm, M, N) = w(L-1, M, N) ) A :
~ L, Mand N defined in the omega solver, according to : ‘e b o b o
- Lm=L-1= |Xp x 2(ex-1) 4 1 Ul-l\la!-i:-ll,j-l Ul'l-%n]l Ui+1,{;1i+1,]1
- M = qu X 2(jey-1) + 1 " i-1 ‘ i i+1 ‘
- N =kzr x 2(ez1) +7 A
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— Arakawa C grld Ci-1,j+1 Cij+l Ci+1j+1
. The inputs must have the following sizes : .2 R.e® RO
- P(LAL M+1,N) | . np of grid meshes in the x axis i1 A iy A
- u(L, M+1, N) M : nb of grid meshes in the y axis ciij Cij Cist
- v(L+1, M, N) N : nb of grid meshes in the z axis Ly L TP ’U” T
==> w(Lm, M, N) = w(L-1, M, N) 4 3
~ L, Mand N defined in the omega solver, according to : ‘e b o b o
- Lm=L-1= |Xp X 2(|ex-1) +1 N I-l\la!-i:-ll,j-l UI'I-:\lri,j-l U|+1'{;1i+1,j_1
- M= ]yq X 2(jey-1) +1 " i-1 ‘ i i+1 A
- N =kzr x 2(ez1) +7 A

- The solver starts by an interative calculation on the grid of dimension [ixp+1,jyq+1,kzr+1] then it increments the resolution at each calculation.

- To reduce the calculation time, the goal is for the coefficients ixp, jyq, kzr to be as small as possible,
2, 3 (worse case 5) but not more, otherwise it will slow down the convergence rate to the solution.

- iex, jey et kez allow to adjust the size of the grid to the size of the studied domain.

- Aim: get ixp,jyq, kzr as small as possible; but iex, jey, kez as large as possible.
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— Arakawa C grld Ci-Lj+1 Cij+l Ci+lj+1
. The inputs must have the following sizes : e ko o
. . . Vi-1,j+1 Vij+l Vi+l,j+1
- p(L+1, M+1, N) L: nb of grid meshes in the x axis i+ ; ’
- u(L, M+1, N) M : nb of grid meshes in the y axis ciij Cij Cist
- v(L+1, M, N) N : nb of grid meshes in the z axis Dy tlv'? o R
==>w(Lm, M, N) = w(L-1, M, N) NI Wi | v
— L, Mand N defined in the omega solver, according to : -0 b O b O
~Lm=L-1= IXpP X 2('ex'1) +1 _ \Ia!i-l,j-l ! Vij-1 U|+1'{;]i+1,j_1
- M= ]yq x 20ey-1) + 1 o i-1 - i i+1
— N =kazr x 2(kez1) 41 A
- The solver starts by an interative calculation on the grid of dimension [ixp+1,jyq+1,kzr+1] then it increments the resolution at each calculation.
- To reduce the calculation time, the goal is for the coefficients ixp, jyq, kzr to be as small as possible, Alice Pietri code:
2, 3 (worse case 5) but not more, otherwise it will reduce the convergencerate to the solution. grid_for w.m )
S ) ) ) _ ) ) - provides all the potential Lm, M, N
- iex, jey et kez allow to adjust the size of the grid to the size of the studied domain. of w with the associated coefficients,

respecting the solver constraints.

- Aim: get ixp,jyq, kzr as small as possible; but iex, jey, kez as large as possible.
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— Arakawa C grld Ci-Lj+1 Cij+l Ci+lj+1
. The inputs must have the following sizes : .2 .0 k.o
- P(LAL M+1,N) | . np of grid meshes in the x axis i1 wi]ﬂ iy A
- u(L, M+1, N) M : nb of grid meshes in the y axis ciij Cij Cist
- v(L+1, M, N) N : nb of grid meshes in the z axis Ay h_l_i. ’U” 0 i1,
—_— —_ Vi-1j Vij Vi+l,j
==> w(Lm, M, N) = (L-1, M, N) 4 :
— L, Mand N defined in the omega solv ‘e b o b o
- Lm=L-1= |Xp x 2(ex-1) 4 1 Ul-l\la!-i:-ll,j-l UI'I_%‘ ij-1 U|+1,{;]i.+1,j-1
~ M= jyq x 20ev-D) + 1 - i i+1
—~ N = kazr x 2(kez1) 4+ Ax

- The solver starts by an interative calculation on the grid of dimension [ixp+1,jyq+1,kzr+1] thenit increments the resolution at each calculation

- To reduce the calculation time, the goal is for the coefficients ixp, jyq, kzr to be as small as possible, . o ]
N ) Alice Pietri code:
2, 3 (worse case 5) but not more, otherwise it will reduce the convergencerate to the solution. grid_for w.m
] _ ) ) _ ] ) _ - provides all the potential Lm, M, N
- iex, jey et kez allow to adjust the size of the grid to the size of the studied domain. of w with the associated coefficients,

respecting the solver constraints.

- Aim: get ixp,jyq, kzr as small as possible; but iex, jey, kez as large as possible.



: Interpolation Objective Omega :
Introduction . . . Conclusion
grid mapping Equation

- Objective mapping consists in reconstructing the density and horizontal velocities fields

- Advantage (rather than a simple interpolation): provides a confidence level (error grid < calculation of the
data variance).

- signal (u) = average (u) + fluctuations (u’) + noise (n) (caused by the fine scale variability and instrument
measurement errors) [Le Traon, 1990]

u=u+u+n

- Le Traon, 1990 hypothesis: the fluctuations (u’) are anisotropic (i.e. direction dependant),
with a Gaussian auto-covariance (C) :

I’ I’

X ¥

C(x,y)= ACXp|:— (xcos@ - ysin@)’ _ (xsin9+yc0s9)2:l

Rudnick site :

- Lx, Ly : decorrelation scale hitp://chowder.ucsd.edu/

— 0 : angle orientation of the studied structure (/ North, clockwise) Rudnick/SIO 221B.htm
- E/A = 0,05 noise to signal ratio (Rudnick, 1996) E— <(u’ +n)(u + n)r>
-~ E : matrix of covariance of fluctuations u’ and noise n


http://chowder.ucsd.edu/Rudnick/SIO_221B.html
http://chowder.ucsd.edu/Rudnick/SIO_221B.html
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At 25 m depth:

39°N

48’

36

279

PEN

278

12
27.7

38°N o 27.6

3°E 100 200 30

Longitude

Potential density anomaly (after the objective mapping)



_ Interpolation Objective Omega :
Introduction . ) ) Conclusion
grid mapping Equation

At 25 m depth:

Er rho at depth 24.68 m <107
39°N 283 39 T T T — 10 399N . 0.02
38.9 ¢ 1 9 0.018
28.2
pre 38.8 ¢ 1 ap ko 0.016
4 -8
4281 38.7F 1 0.014
7
' or b ‘ 0.012
36 28 g 38.6 8 36
2385 1 6 3 0.01
27.9 5 g
24 — 384} g s 4 24 0.008
27.8 38.3 ¢+ 4 0.006
4
12 38.2 - 1 12 0.004
27.7 R
381 L i 0.002
BN 0 0 276 38 ‘ : : 2 BN 3E 00 30 ?
. 3 31 3.2 33 3.4 ‘
Longitude Longitude Longitude
Error grid

Potential density anomaly
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— Objective mapping consists in reconstructing the density and horizontal velocities fields

. . . . Er rho at depth 24.68 m %1073
— Advantage (rather than a simple interpolation): providesac  3° ‘ P ‘ — 10
389+ 19
- signal (u) = a -
18
38.7
In the objective mapping code: 286 {7

- User inputs: Lx, Ly, 6, E/A
- Le Traon, 1¢ - Lx, Ly influences mainly the error matrix

Latitude
w
o
(9, ]

with a Gaussia 284 5
K u " 3831
XxXcosf — ysin 4 ,
C(x,y) = Aexp \‘— { 2,)1 382 'SIO_
L, 38.1} 3
- Lx, Ly : decorrelation scale 38 ~ - - - 2
- 0 : angle orientation of the studied structure (/ North, clockwise) ' Longitude ' '

- E/A = 0,05 noise to signal ratio (Rudnick, 1996) , , -
— E : matrix of covariance of fluctuations u’and noisen ~ E= <(“ +n)(u’ +n) >



http://chowder.ucsd.edu/Rudnick/SIO_221B.html
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« Omega equation (Hoskin et al., 1978)

2
20" W 2 -
£EY LV (N2.V,w)=V.0
2
0z
- f: Coriolis parameter (s)
- w : vertical velocity (m s?)
-~ NZ?: Briint Vaisala frequency
- Q : Q-vector

o Different forcings can be considered (Giordani et al., 2006)

Q = Qth + Qdm + 2 Qtg + Qtag + Qdag + Qdr

\ J
Y

Qtg : Buoyancy forcing +
Qdm : Momentum forcing
= Turbulent forcings

TWI = Thermal Wind Imbalance
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« Omega equation (Hoskin et al., 1978)

2
20" W 2 -
£EY LV (N2.V,w)=V.0
2
0z
- f: Coriolis parameter (s)
- w : vertical velocity (m s?)
-~ NZ?: Briint Vaisala frequency
- Q : Q-vector

« Different forcings can be considered (Giordani et al., 2006)

Q = Qth + Qdm + 2 Qtg + Qtag + Qdag + Qdr

Generally negligeable (as well as the forcing due to beta-effect)
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« Omega equation (Hoskin et al., 1978)
2
P 2 +V,(N.V,w)=V.0

- f: Coriolis parameter (s)

- w : vertical velocity (m s?)

-~ NZ?: Briint Vaisala frequency
- Q : Q-vector

o Different forcings can be considered (Giordani et al., 2006)

Q = Qth + Qdm + 2[QE + Qtag + Qdag + Qdr

4 Qtg : Geostrophic A
ov g OV
=( ;%’D Ve 5V o)
\_ Vg : geostrophic horizontal veIOC|ty Y,
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Omega equation (Hoskin et al., 1978 ,
’ 92 azq ( , ) (" Qtag : Ageostrophic )
f a V(thw)=VQ Q (Qaagv Qaagv)
. coriol tor (5 po Ox po Oy
— T COoriolis parameter (s
- w : vertical velocity (m s™) Vag : ageostrophic horizontal velocity
- N2 : Brunt Vaiséla frequency K )
- Q : Q-vector

o Different forcings can be considered (Giordani et al., 2006)

Q = Qth + Qdm + 2[th + |Qtag |+ Qdag + Qdr

4 Qtg : Geostrophic A
ov g OV
=( ;%’D Ve 5V o)
\_ Vg : geostrophic horizontal veIOC|ty Y,
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« Omega equation (Hoskin et al., 1978)
2
# 2 +V,(N*.V,w)=V.Q

- f: Coriolis parameter (s)

- w : vertical velocity (m s?)

-~ NZ?: Briint Vaisala frequency
- Q : Q-vector

o Different forcings can be considered (Giordani et al., 2006)

Q = Qth + Qdm + E[th +|Qtag |+ Qdag + Qdr

/

Y
Qtw
4 Qtg : Geostrophic A
ov, g OV
g il 4
(pﬂ ax Vp pﬂa Vp)
\_ Vg : geostrophic horizontal velocity Y,

(" Qtag : Ageostrophic )
- (33 56
0 85'3 400 83!
Vag : ageostrophic horizontal velocit
\_ g.ag p y Y

Qtw = 2 Qtg + Qtag = kinetic deformation vector

Also named the frontogenesis vector

= variability in the horizontal density gradient

induced by

the horizontal advection of the total velocity

(Qtg geostrophic velocity
Qtag ageostrophic velocity)

In QG theory, only Qtg remains
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« Omega equation (Hoskin et al., 1978
J quw (Hoskineta ) (" Qtag : Ageostrophic )
2 2 =
f 2 +Vh(N Vh"v)_'VQ (9 a‘éq g a"gg
Oz Q= _8—v‘0’_8—v‘9
L Po OF Po OY
- f: Coriolis parameter (s)
- w : vertical velocity (m s™) Vag : ageostrophic horizontal velocity
- N2 : Brunt Vaisala frequency K )
- Q : Q-vector
. . . 4 : i )
o Different forcings can be considered (Giordani et al., 2006 Qdag : TWI deformation
Qagx —f(@ Ouag U av“g)
Q = Qth + Qdm + 2[th + [Qtag |+ [Qdag + Qdr : x 3z ox iz
Jv ou ou ov
O = (2 P 2 1)
)y 0z dy 0dz
g y,
4 . ™
: roph ou ) Oty
Qtg : Geostrophic TWI(x) :fa__ga_p s . o
v, v, - z Py z
Q= (55250 2 gev) S PRI R
V= e o

\_ Vg : geostrophic horizontal velocity Y,

TWI = Thermal Wind Imbalance
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« Omega equation (Hoskin et al., 1978) Qdag = TWI deformation

2
f2 0 v: +Vh(N2_ Vhw)=V. [0 = stretching and re-orientation
oz by the total horizontal velocity
~ f: Coriolis parameter (s) of the pre-existing ageostrophic horizontal
~ W : vertical velocity (m s™) pseudo-vorticity (-TWI(y)/f, + TWI(x)/f)
-~ NZ?: Briint Vaisala frequency ’
- Q : Q-vector
« Different forcings can be considered (Giordani et al., 2006) 4 Qdag : TWI deformation A
Qdagx f ) (@ % | % dv“g
Q = Qth + Qdm + 2[th + |Qtag |+ [Qdag + Qdr W\&/ o \ES
e (2
WS \oy. 9z Ay oz
1\ _J
4 Qtg : Geostrophic A Ou g op Ol
TWI(x) =f o == 2 = /1=
. iz p oy Z
Q:(piaa?w’pi%vp) " Twi(y) = + 8 % = g%
0 0 y) = z o =1,

\_ Vg : geostrophic horizontal velocity Y,
TWI = Thermal Wind Imbalance
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« Omega equation (Hoskin et al., 1978
J 620| (oskin eta ) (" Qtag : Ageostrophic )
2 2 =
f o3 +V,(N*.V,w)=V.Q 0 (9 s, 9 Vg,
0 Ox " Po 83!
- f: Coriolis parameter (s)
- w : vertical velocity (m s™) Vag : ageostrophic horizontal velocity
- N2 : Brunt Vaiséla frequency K )
- Q : Q-vector
o Different forcings can be considered (Giordani et al., 2006) g Qdag : TWI deformation h
Qdagx =S (@ Ouag U av“g)
Q = Qth + Qdm + 2[th + |Qtag | + [Qdag + Qdr e de oz
O, y (E}v gy  Ou E}vag)
ey dy 0z 3y oz
1\ _J
4 Qtg : Geostrophic A
Q- (g anV g anv ) Qdr = TWI trend also generally neglected
B Po Ox " Po 3’9
\_ Vg : geostrophic horizontal velocity Y,

TWI = Thermal Wind Imbalance



Q terms, generally neglected CIVIS 2021

Turbulent forcings
- In the dynamic forcings:

Buoyancy: Momentum: TWI trend:
ch Qdm Q
g 0 (0Fp, ( d (1dr d
th:__ ( j) )m— ] )u':_
r P ox \ O, Qu oz p oo gd dt
< < <
g 0 BFM.) 1 9 d i,
)1-’:__ - = — | — T )ru—__ -
kg thy P 8}’ ( am— thmy }‘ (,(} 8(}; ) h Qd d f 9
% 8;:’:{: Tray = p( 2wV u w")
Fpo = (W VW) Tya; = p(v’u V2, v"w’)
‘ ¥i :x,y,zfori=1,2,3

Fpq, are the turbulent buoyancy fluxes Turbulent momentum fluxes
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« Omega equation (Hoskin et al., 1978
J agw (Hoskin et ) (" Qtag : Ageostrophic )
fP=—=+V,(N*.V,w)=V.Q g Vg g IV
oz Q=(>529vp, = -9V,
. 20 Jx 0 8y
- f: Coriolis parameter (s)
- w : vertical velocity (m s™) \_ Vag : ageostrophic horizontal velocity )

-~ NZ?: Briint Vaisala frequency
- Q : Q-vector
4 Qdag : TWI deformation )

o Different forcings can be considered (Giordani et al., 2006)

Q = Qth + Qdm + 2[th + |Qtag | + [Qdag + Qdr
\ B E}vag)

y, o
Quagr =1 (8_ 0z \ 3z
olw - . v Y,

Vi .\

— Most studies only uses : Qtg (Quasi-geostrophy)

— Omega solver uses : Qtw + Qdag
— Inputs : TWI(x), TWI(y), uUADCP, VADCP, p, N?

=4 =4 7 4

\
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At 25 m depth:

39°N 1002 39°N
0.018

ag A8 0016 a8
1 0.014

36 0012 36

0.01

20 0008 24
0.006

12' 0.004 12'
0.002

S N . 38°N

28.3 39°N

1282

48

3281

el L=

Latitude

24P LT

12°8-%
21.7

27.6 387N R

50° 3°E 100 20' 30° 500 3°F 10° 20° 30
Longitude Longitude Longitude Longitude
Error grid Potential density anomaly Horizontal velocities Vertical velocities

8 10> m/s = How many meters in one day ?
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At 25 m depth:

39°N 1002 39°N
0.018

ag A8 0016 a8
1 0.014

36 0012 36

0.01

20 0008 24
0.006

12' 0.004 12'
0.002

S N . 38°N

28.3 39°N

1282

48

3281

el L=

279

Latitude

24P LT

278

12°8-%
21.7

27.6 387N R

50° 3°E 100 20' 30° 500 3°F 10° 20° 30
Longitude Longitude Longitude Longitude
Error grid Potential density anomaly Horizontal velocities Vertical velocities

8 10> m/s =7 m/jour
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At 25 m depth:

39°N ;002 39°N
0.018
g he 0.016 ag'
10014
36' 0.012 36’
0.01
24 0.008 24
0.006
12 0.004 12
0.002
38°N 5 3°E 100 200 30 . 38°NEE 3°F 100 200 30

Longitude Longitude Longitude Longitude

28.3 39°N

1282

48

3281

el L=

279

Latitude

24P LT

278

12°8-%
21.7

27.6 38°N 50' 3° E 10 20' 30

Error grid Potential density anomaly Horizontal velocities Vertical velocities

Max W intensity ~ 8 10° m s ~ 7 m gy ™.




: Interpolation Objective Omega
Introduction

. . . Conclusion
grid mapping Equation

Comparison with another study in the area,
where w was obtained from the Omega equation
using only the geostrophic component

39°N e
0.10 ms~! [mday™!]

Woe at 85 m
----- WU TR 6
38.8°N [rvif i, N ~ . 48
[~ = " AR M N NN\ PO | et 4
[~ NONON NN NN v
e Sy NANTN N\ NN ,':\.' B
M- NI TR ERTR' s 36'
T A LI e e e (S 7y .
38.6°N SN FIR IS s "3;,; 0w
[ A ‘\: : v E
y : 4 = ‘ it 24! 2
i s )‘* o - - ==
PP o y N et
38.4°N [t . o ‘,::\'/ . g
1 - . : v - /%/ %
26°E  28°E 3 3.2°E 3.4°F
BNFT==ZTE 0 20 30 8
Longitude
Vertical velocities at 85 m Vertical velocities at 85 m
) (Figure extracted from Barcelo et al., )
— Intensity ~ 8 10°° m s* ~ 7 m day™. Front. Mar. Sci., 2021) [Tzortzis et al., 2021]

— Results in agreement with Barcelo et al., 2021
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- PROTEVSMED-SWOT maximum of w intensity ~ 8 10° m s* ~ 7 m day™.

- In agreement with other study in the area, where w was obtained from Omega equation
using only geostrophic velocity components

- Zone of PROTEVSMED-SWOT probably quasi-geostrophic (contains little ageostrophy)
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- Quasi-Geostrophy QG hypothesis for omega equation, very well adapted for low Rossby number flows
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- Quasi-Geostrophy QG hypothesis for omega equation, very well adapted for low Rossby number flows

note: Ro = U/fL
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- Quasi-Geostrophy QG hypothesis for omega equation, very well adapted for low Rossby number flows

But..... that means generally larger scale motions (L >10 km) ....

note: Ro = U/fL
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- Quasi-Geostrophy QG hypothesis for omega equation, very well adapted for low Rossby number flows
But..... that means generally larger scale motions (L >10 km) .... Hence, away from fronts !

Paradoxal since we are trying to measure vertical velocities w that, on the contrary, are higher in fronts
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- Quasi-Geostrophy QG hypothesis for omega equation, very well adapted for low Rossby number flows

But..... that means generally larger scale motions (L >10 km) .... Hence, away from fronts !

Paradoxal since we are trying to measure vertical velocities w that, on the contrary, are higher in fronts

— Generalized Omega equation necessary for high Rossby number flows
L <10 km, down to 5 km (for the moment)



Pietri et al., abstract JPO 2021

The quasi-geostrophic and the generalized omega equations are the most
widely used methods to reconstruct vertical velocity (w) from in-situ data.

As observational networks with much higher spatial and temporal resolutions

are being designed, the question rises of identifying the approximations and
scales at which an accurate estimation of w through the omega equation can

be achieved and what are the critical scales and observables needed. In this
paper we test different adiabatic omega reconstructions of w over several regions
representative of main oceanic regimes of the global ocean in a fully
eddy-resolving numerical simulation with a 1=60° horizontal resolution. We

find that the best reconstructions are observed in conditions characterized by
energetic turbulence and/or weak stratification where near-surface frontal processes
are felt deep into the ocean interior. The quasi-geostrophic omega

equation gives satisfactory results for scales larger than 10 km horizontally

while the improvements using a generalized formulation are substantial

only in conditions where frontal turbulent processes are important (providing
improvements with satisfactory reconstruction skill down to 5 km in

scale).

The main sources of uncertainties that could be identified are related

to processes responsible for ocean thermal wind imbalance (TWI1), which is
particularly difficult to account for (especially in observation-based studies)
and to the deep flow which is generally improperly accounted for in omega
reconstructions through the bottom boundary condition. Nevertheless, the
reconstruction of mesoscale vertical velocities may be sufficient to estimate

vertical fluxes of oceanic properties in many cases of practical interest. 36
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